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I,%0+1-3%!+,

The GENERIC (General Equation for the Non-Equilibrium Reversible-Irreversible Coupling)

formalism was #rst proposed, by Hans Christian Öttinger and Miroslav Grmela [GÖ97], as a

general framework for expressing conservation laws of the total mass, momentum, and energy

of some physical system. The bulk of the idea is that the dynamics of the system is driven by

a time-evolution operator to be formally expressed as follows:

Bt “ K→S ` L→E,

for suitably chosen entropy S and energyE functionals, fully determining the mechanical and

thermal properties of the evolution. In particular, the operator L, applied to the energetic deriv-

ative→E, encodes the proper conservative features of the system’s behavior, while K, applied

to the entropic derivative→S, characterizes the dissipative factor of any thermodynamically-

consistent description. A sensible dissipative-conservative coupling can only be attained im-

posing non-interaction conditions:

L→S “ 0 “ K→E,

ensuring that the dissipative dri$ does not a”ect the energy and, contiguously, the conserva-

tion of energy still allows the (negative) entropy to dissipate. The crucial modeling assumption

is an unambiguous choice of the state variables u : ” !Ñ R, describing some state space ”.

Mathematically, this amounts to requiring the formal di”erential equation

Btu “ Kpuq→Spuq ` Lpuq→Epuq,

governing the evolution, to have a form that is independent of the coordinates chosen to chart

the geometry of the set of state variables.
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In Chapter I, we present the theory of gradient !ows, namely, the most basic system of dissipa-

tive evolution, in the Euclidean space: Btu “ ´→Spuq, and show its convergence for a speci#c

class of well-behaved entropic potentials, under the time-incremental variational scheme of

Minimizing Movements, #rst proposed by De Giorgi [De 93], and thoroughly exploited to this

end in the modern treatment of grandient !ows in the most general setting of more abstract

metric spaces, as developed by [AGS08]. Leveraging our characterization of solutions for the

gradient !ow equation in the Euclidean setting, we then illustrate its coordinate-unambiguous

and naturally Riemannian geometric version, supplying us with the analytical form of the

operator K. In this context, the Energy-Dissipation Principle now stands at the heart of the

theory.

For the conservative dynamics, in Chapter II, we instead refer to the more ancient theory

of Classical Mechanics and, in particular, its Hamiltonian formalism. Instead of a principle

of dissipation of energy, we now have, as objective, Energy Conservation, which we discuss

how to reformulate both in terms of the, now symplectic, di”erential geometric theory and

approximation methods. Again, we get a clear expression for the operator L in terms of the

geometric features of the system, and thus of the evolution it generates, which can now be

properly called under the historical name of Hamilton’s equations:

9q “ BH
Bp , 9p “ ´BH

Bq
for ever-coupled state variables u “ pp, qq P ”2.

Hopefully, by this time, the authentic symmetry between the geometric theory for gradient

!ows and the symplectic formulation of Hamiltonian systems will be manifestly evident, pro-

viding a natural motivation for coupling the two in a uni#ed paradigm. While in the former

we concentrate on a framework where coordinate transformations isometrically preserve the

structure of the dissipative evolution, in the latter we hint at the rich and well-established

theory of canonical transformations, those that keep intact Hamilton’s equations of motion.

Finally, in Chapter III, we introduce the GENERIC formalism, a$er brie!y discussing pioneer-

ing proposals for such a gradient-Hamiltonian coupling in the #eld of the thermodynamics,

following the rules of which, dissipative systems are irreversible in nature while those that

conserve energy are ruled by a more classical reversibility; these two dynamics respectively
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corresponding to the second and #rst principle of thermodynamics, which we recover from

the non-degeneracy axioms. The extension of classical discretization methods for Hamilton-

ian systems to the study of GENERIC is then discussed in Chapter IV, together with novel

approaches, inspired by Minimizing Movements [JST22] and exploiting the approximation

power of neural networks [ZSE22], along with relevant examples for each of the three.

The appendices contain the necessary background in di”erential geometry, convex and func-

tional analysis. There, we also illustrate how these tools were developed and exploited before

GENERIC, in the study of mechanics, both by Lagrange and Hamilton, and more recently to

provide a mathematical explanation for the miraculous e%ciency of neural networks.
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CHAPTER I

G0$1!’,% 4*+.”

1. G0$1!’,% 4*+.” !, %/’ E-3*!1’$, ”#$3’

Newton’s equations describe the dynamics of a system under inertia and forces, governed by

the Principle of Least Action:

m:x “ ´→ωpxq.

The system can be severely damped: m:x ` ω 9x “ ´→ωpxq, for example by some friction or

resistance, so that the inertial term becomes negligible and the equations of motion reduce to

9x “ ´ 1

ω
→ωpxq, (GF)

and, since ω is a constant, we are presented with a rather simple class of ordinary di”erential

equations for trajectories:

t P r0,`8q "!Ñ ut P Rd
,

moving towards decreasing the potential ω : Rd !Ñ R,

9ut “ ´→ωputq, lim
tÓ0

ut “ u0 P R

and these are usually referred to as Gradient !ow equations ‡.

E5$)#*’. In dimension d “ 2, a gradient !ow equation is simply a system

9x “ ´ B
Bxωpx, yq, 9y “ ´ B

Byωpx, yq

and, supposing ω P C
2pRdq has an isolated critical point at px˚, y˚q:

¨ if it is a non-degenerate local minimum of ω, then px˚, y˚q is a stable node for the

system;

‡
See [DS10] for an overview over modern formulations of the problem.
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¨ if it is a non-degenerate local maximum of ω, then px˚, y˚q is an unstable node for the

system;

¨ if it is a saddle point of ω, then px˚, y˚q is a saddle node for the system.

R’)$06 (C-0*(40’’ 3/$0$3%’0!7$%!+, +4 20$1!’,% 4*+.”). An arbitrary two-dimensional

system of ODEs $
&

%
9x “ fpx, yq
9y “ gpx, yq

f, g P C
1p”q

for a simply connected domain ” # R2, is a gradient !ow equation if and only if

Bf
By “ Bg

Bx. (GFC)

The necessary condition follows from the Clairaut–Schwarz–Young integrability condition of

commuting partial derivatives; for the su%cient condition, de#ne the potential

ωpx, yq “ ´
!

y

0

gp0, sq ds ´
!

x

0

fps, yq ds

in integral form§, so that the claim follows from the Fundamental Theorem of Calculus:

Bω
By “ ´gp0, yq ´

!
x

0

Bf
By ps, yq ds

(GFC)“ ´gp0, yq ´
!

x

0

Bg
Bxps, yq ds

“ ´gp0, yq ´ rgpx, yq ´ gp0, yqs “ ´gpx, yq

and, similarly, Bω{Bx “ ´fpx, yq. This argument directly generalizes to dimension d “ 3,

and the necessary condition is trivial since every gradient is always curl-free: → ˆ →ω “ 0.

D’4!,!%!+, 1.1 ([DS10]). Given ω P CpRdq, consider the time-evolution:

9ut “ ´→ωputq, lim
tÓ0

ut “ u0 P R, (G)

then the family of maps Gt : Rd !Ñ Rd, t P r0,`8q, such that for any u0 P Rd, G0pu0q ” u0

and the curve ut ” Gtpu0q is the only C
1 solution of (G), is a Gradient !ow of ω.

§
Here we use simple connectedness to justify that the choice of the integration path does not matter. As it is clear
from Appendix C, (GFC) sits profoundly at the intersection of topology and geometry, and is an instance of the
Poincaré lemma.
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E,’028 !1’,%!%8. Trajectories solving (G) ful#ll:

d

dt
ωputq $ 0,

with equality for critical points of ω, which are thus #xed points of the dynamics.

P0++4. By the chain rule, 9ωputq “ x→ω, 9uty (G)“ ´| 9ut|2 $ 0.

1.1 !(3+,&’5!%8

If we try to impose the hypotheses of Peano-Picard’s existence and uniqueness theorem on

this class of di”erential equations, that is, ´→ω is Lipschitz for some #xed constant ε, then

we obtain the following Hessian inequality:

→2
ωpxq % εIdd i.e. x→2

ωpxqϑ, ϑy % ε|ϑ|2 @ϑ P Rd
. (HI)

D’4!,!%!+, 1.2. A function ω : Rd !Ñ R is ε-convex if it satis#es (HI) with constant ε or,

equivalently, the Sub-gradient inequality:

x→ωpuq, v ´ uy $ ωpvq ´ ωpuq ´ ε

2
|u ´ v|2. (SGI)

We will assume ε % 0 throughout, as the case ε “ 0 corresponds to a convex function and, for

ε positive, our de#nition implies that the potential grows faster than quadratically. A negative

coe%cient would in fact allow for saddle points and “valleys” that impede the convergence of

the !ow towards global minima. Our intuition that ε-convex functions provide a nice class of

potentials for (G), is con#rmed by a powerful characterization of the solutions to the gradient

!ow they generate.

E&+*-%!+, &$0!$%!+, !,’9-$*!%8. If ω P C
2pRdq is ε-convex, ut is a solution to (G) if and

only if
d

dt

1

2
|ut ´ v|2 ` ε

2
|ut ´ v|2 $ ωpvq ´ ωputq (EVIω)

for all v P Rd.
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P0++4. If ut is a solution to (G), then

1

2

d

dt
|ut ´ v|2 “ x 9ut, ut ´ vy (G)“ x→ωputq, v ´ uty

(SGI)
$ ωpvq ´ ωputq ´ ε

2
|ut ´ v|2.

Conversely, we can rewrite (EVIω) as the di”erential inequality

d

dt
#pvq $ ωpvq ´ ωputq ´ ε#pvq (DEVIω)

and, by the chain rule on the distance function #pvq ” |ut ´ v|2{2, we obtain:

x 9ut, ut ´ vy $ ωpvq ´ ωputq ´ ε

2
|ut ´ v|2,

then, choosing v ” ut ` ϖx for ϖ & 0, x P Rd and dividing by ϖ:

´x 9ut, xy $ 1

ϖ
pωpvq ´ ωputqq ´ εϖ

2
|x|2

and as ϖ Ó 0: ´x 9ut, xy $ x→ωputq, ϑy for all x P Rd, i.e. ´ 9ut “ →ωputq.

If we picture our !ow as measuring the “dissipation” of a quantity ω over time, (EVIω) can be

interpreted as an exponential bound, at around any point v, to the “decay of the !ow” towards

minimizing the potential. Recognizing the Leibniz rule, it can indeed be written as:

e
´ωt

d

dt

ˆ
e
ωt
1

2
|ut ´ v|2

˙
$ ωpvq ´ ωputq

and moreover, if v is another solution, because

d

dt
|ut ´ vt|2 “ 2x 9ut ´ 9vt, ut ´ vty (G)“ ´2x→ut ´ →vt, ut ´ vty

(SGI)
$ ´2ε|ut ´ vt|,

we obtain

d

dt

`
e
ωt|ut ´ vt|

˘
“ εe

ωt|ut ´ vt| ` e
ωt
d

dt
|ut ´ vt| $ εe

ωt|ut ´ vt| ´ εe
ωt|ut ´ vt| “ 0,

bounding the rate at which the two trajectories “collide”.

1.2 T!)’(!,30’)’,%$* )!,!)!7$%!+, ”3/’)’

When presented with whatever system, if it is a gradient !ow and we recognize it, the po-

tential may be arbitrarily intricate and, in order to develop a theory for the existence and
7



uniqueness of solutions for (G), it may be useful to approach the problem by constructing

discrete approximations of the solution.

Fixing a time step ϱ and a uniform partition

Pε “ t0 “ t0 ’ t1 ’ ¨ ¨ ¨ ’ tn ’ . . . ϱu, tn “ nϱ,

of r0,`8q, we look for the sequence punqnPN providing an approximation for the solution

puptnqqnPN. The most immediate iterative approach is the explicit Euler scheme:

un`1 ” un ´ ϱ→ωpunq,

which is the iterative update de#ning the most basic Gradient Descent method. This algorithm

works “the fastest” ‡ precisely for ε-convex functions.

Another classical approximation scheme is the implicit Euler method:

un ´ un´1

ϱ
` →ωpunq “ 0,

which can be equivalently reformulated as the optimization problem for the functional

$puq ” ωpuq ` 1

ϱ
#pun´1q,

because:

0 “ →ωpuq ` 1

ϱ
→#pun´1q “ →ωpuq ` 1

ϱ
pu ´ un´1q

hence,

un P argmin
uPRd

ˆ
ωpuq ` 1

ϱ
|u ´ un´1|2

˙
(MM)

ensuring stability and convergence as we re#ne the partition: ϱ Ó 0, without even requir-

ing a uniform Lipschitz condition on →ω, di”erently from the explicit method. This idea of

conveniently reformulating the implicit discretization of a dynamic evolution equation, that

involve hard, or rather impossible, inversions of vector-valued maps, by means of some time-

incremental variational minimization was #rst proposed by Ennio De Giorgi [De 93], which

he called Minimizing Movements and presented as a uni#ed framework to solve a broad class

of evolutionary problems on a generic spaceX: the objective is to #nd discrete solutions punqn

‡
See [BV04, Sect. 9.3] for the “minutiæ” of the convergence theory.
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to the recursive minimization objective

un P argmin
xPX

Fε pn, un´1, xq, n “ 1, . . . , Nϱ

for some given initial datum u0 and suitable family of functionals Fε : N ˆ X ˆ X !Ñ R.

D’4!,!%!+, 1.3 ([D’ 93]). We say that the curve u : R !Ñ X is aMinimizing Movement asso-

ciated to F onX, and write u P MMpF,Xq, if there exist piecewise continuous approximating

curves wε : N !Ñ X such that, for any t P R:

lim
εÓ0

wε ptt{ϱ uq “ uptq

and for any ϱ P p0,`8q, n P N:

Fε pn,wε pn ´ 1q, wε pnqq “ min
xPX

Fε pn,wε pn ´ 1q, xq.

So, Minimizing Movements are limits, as ϱ Ó 0, of the piecewise-constant interpolations of un.

E5$)#*’. In the Euclidean space X “ Rd, in the case of gradient !ows of a time-dependent

potential ω P LippXq X C
2pXq, the related Minimizing Movement scheme corresponds to

functionals of the form

Fε pn, u, xq “ ωpxq ` 1

2ϱ
|x ´ u|2.

In fact, u P MMpF,Rdq if and only if u P LippRdq solves (G).

De Giorgi also already noticed that, weakening the conditions on the potential, we can only

say that any u P MMpF,Rdq is a Lipschitz function satisfying the Cauchy problem (G), but the

opposite implication does not hold. More notably, he also remarked that “many interesting and

di”cult problems can be formulated if X is a space of functions and F is an integral functional,

giving problems of gradient !ow type.” [De 93]

E5$)#*’. Consider the Sobolev space§
X “ W

1,2pRdq and the Moreau envelope ‡

Fε pn,ω, gq “ Epωq ` 1

ϱ

!

Rd

|ω ´ g|2

§
Refer to the brief Appendix B.
‡
The fact that it attains a strict minimum follows directly from convex duality as discussed in Appendix A.
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of the Dirichlet energy

Epωq “
!

R
|→ωpuq|2 du,

then u P MMpF,Xq if and only if it solves the heat equation 9ut “ %ωputq.

1.3 C+,&’02’,3’ !, %/’ ”-:20$1!’,%

We shall now show existence and uniqueness in MMp$,Rdq, that is, of the time-incremental

minimization (MM), under suitable conditions, mainly adapting results from [Mie23] in our

simpli#ed setting.

D’4!,!%!+, 1.4. Based on the discrete solution punqn, we are now able to de#ne the continuous

piecewise a”ne interpolant

ûε ppn ` ς ´ 1qϱq ” p1 ´ ςqun´1 ` ςun, ς P r0, 1s

with piecewise constant derivative

d

dt
ûε ptq “ 1

ϱ
pun ´ un´1q, t P ppn ´ 1qϱ, nϱq

and the le$-continuous piecewise constant interpolants

uε ptq ” un, ϑ
ε
ptq ” ϑn for t P ppn ´ 1qϱ, nϱ s.

We will now prove convergence to a solution for non-necessarily smooth potentials, in fact,

we will only assume ε-convexity and, for a trajectory to be a solution, we just require its

derivative to be a gradient§ of the potential, namely ´ 9ut P Bωputq.

T/’+0’) 1.5. Suppose ω : Rd !Ñ R8 is a proper, lower semicontinuous, ε-convex functional

with compact sublevels Sr “ tu P Rd : ωpuq $ ru, then, for all u0 P dompωq, the solutions
ûε : r0, T s !Ñ Rd, obtained from the incremental minimizing scheme, converge to the unique

solution u P W
1,2pr0, T s; Rdq of (G), i.e.

@t P r0, T s : ûε ptq !Ñ uptq in Rd
.

§
See App. A.3 for the de#nition of subdi”erential.
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P0++4. Exploiting the compactness of the sublevels, infuPRd ωpuq is attained byWeierstraß

extreme value theorem, thus the potential is bounded from below: along with lower semicon-

tinuity, this implies that its minimizers exist and similarly un as minimizer of $ exists, i.e.

1

2ϱ
|un ´ un´1|2 ` ωpunq “ $punq $ $pun´1q “ ωpun´1q

hence ωmin $ ωpunq $ ωpu0q for n P t0, . . . , Nu and
!

t

0

ˇ̌
ˇ̌ d
dt
ûε ptq

ˇ̌
ˇ̌
2

dt “
Nÿ

n“1

ϱ

ˇ̌
ˇ̌1
ϱ

pun ´ un´1q
ˇ̌
ˇ̌
2

$ 2pωpu0q ´ ωminq

by adding up the incremental estimate for n “ 1, . . . , N . By Bolzano-Weierstraß, because ûε

is bounded inW
1,2, we can extract a subsequence such that ‡

ûε !á u and
d

dt
ûε !á 9u in L

2pr0, T s; Rdq

for a limit u P W
1,2pr0, T s; Rdq. Since for all t P r0, T s and ϱ “ T {N , the values ûε ptq lie in

the compact sublevel Sϑpu0q, and since each interpolant is equicontinuous:

|ûε ptq ´ ûε psq| $
a

|t ´ s|
››››
d

dt
ûε

››››
L2

$
a
2|t ´ s|pωpu0q ´ ωminq½,

by Arzelà-Ascoli, up to extraction of a further subsequence, we get the uniform convergence:

ûε !Ñ u in C
0pr0, T s; Rdq and uε !Ñ u in L

8pr0, T s; Rdq.

Moreover, because ûε pnϱq “ uε pnϱq and uε is piecewise constant, we get the second conver-

gence as ϱ Ó 0:

}ûε ´ uε}L8 $
a
2ϱpωpu0q ´ ωminq.

We now show that the limit we found satis#es (G), letting

ϑε “ ´ d

dt
ûε P L

2pr0, T s; Rdq such that ϑε !á ϑ ” ´ 9u in L
2pr0, T s; Rdq,

‡
Refer to App. B for weak convergence in Hilbert spaces.
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together with uε !Ñ u inL2pr0, T s; Rdq and ϑε P Bωpuε ptqq for all t P r0, T s, by (strong-weak)
energy closedness of the subdi”erential§, also the limit ϑ P Bωpuptqq i.e.

´ 9ut P Bωputq.

We now need only to show uniqueness and full convergence. Since the auxiliary function

ω̃puq ” ωpuq ´ ε

2
|u|2 is convex with Bω̃puq “ ´εu ` Bωpuq

then, for arbitrary u, ũ P dompBωq and ϑj P Bωpujq, setting φj ” ϑj ´ εuj P Bω̃pujq,

xϑ̃ ´ ϑ, ũ ´ uy “ xφ̃ ´ φ, ũ ´ uy ` εxũ ´ u, ũ ´ uy % ε|ũ ´ u|2

by monotonicity of subdi”erentials of ω̃. Assuming u, ũ P W
1,2pr0, T s; Rdq, the latter in-

equality yields the Grönwall-like estimate:

1

2

d

dt
|ũptq ´ uptq| “

B
d

dt
ũptq ´ d

dt
uptq, ũptq ´ uptq

F
$ ´ε|ũptq ´ uptq|2

from which we obtain the desired Lipschitz continuity:

|ũptq ´ uptq| $ e
´ωpt´sq|ũpsq ´ upsq| for 0 $ s ’ t (LC)

and hence uniqueness of solutions if ũp0q “ up0q “ u0.

C+0+**$08 1.6 (ε(3+,%0$3%!&!%8). Any two solutions satisfy (LC) and, in particular, for every

u0 P dompωq, there is at most one (EVIω) solution satisfying the initial condition limtÓ0 ut “ u0.

However, this scheme fails to respect the “energy-dissipating” properties, already discussed

for ε-convex functions, at the discrete level. [JST19]

In particular, from above, we easily get that the “energy drop” must be bounded from below:

ωpvq ´ ωputq % 1

2ϱ
|ut ´ v|2

for all v P Rd thus, at each time step of the discretization:

ωpun´1q ´ ωpunq % 1

2ϱ
|un ´ un´1|2

and it does not correspond to the “dissipation” |pun ´ un´1q|2 of the nth step.
§
See Def. 2.2 in App. B.

12



2. R!’)$,,!$, 20$1!’,% 4*+.”

Before introducing the new discretization scheme, however, we #rst need to address a fun-

damental problem in the very de#nition of (G) we provided, that is, it is not coordinate-

independent ‡. For the sake of clarity, let us #rst discuss an example.

E5$)#*’ (D$)#’1 #$0%!3*’ !, $ 0$1!$* #+%’,%!$*). Suppose that we have the Newton-like

potential

V prq “ ´k

r
, k & 0, r “ |u| such that →V “ ku

r3

and (G) becomes

9ut “ ´↼
´1 k

r3
ut.

Consider a spherical coordinate change

u “ px, y, zq “ pr sin ς cos↽, r sin ς sin↽, r cos ςq "!Ñ ũ “ pr, ς,↽q in R3

then the structure of the gradient !ow equation is only preserved if we account for the Jacobian

&pr, ς,↽q of the transformation, namely:

9̃ut “ ´↼
´1p&r,ϖ,ϱq´1→Ṽr,ϖ,ϱ “ ´↼

´1

¨

˚̊
˝

1 0 0

0 r
2 0

0 0 r
2 sin2

ς

˛

‹‹‚

´1

→Ṽr,ϖ,ϱ.

We thus need a more sophisticated de#nition of gradient, already encoding the geometry of

the coordinate-space we are working in and, no matter the frame considered, ending up with

the same trajectories.

The key geometrical ideas to achieve this were already developed by the the theory of canon-

ical transformations in the well-established framework of Hamiltonian mechanics§.

2.1 F*+.” +, )$,!4+*1”

The natural setting where to study (gradient) !ows is geometric [Lee12, Ch. 9] in nature:

in (G), we are just imposing the velocity of a curve equal to a vector #eld, speci#cally the

gradient→ω : Rd !Ñ Rd. Consider di”erentiable manifoldsM andN , where, di”erentiating

‡
Cfr. with the very #rst observations of [Mie23].

§
For a comprehensive and detailed survey, see [MR13] and our discussion in Ch. II.
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a smooth function F : M !Ñ N , induces the linear map

DFp : TpM !Ñ TF ppqN

that for any tangent vector v P TpM and smooth curve ↼ : I “ p´⇀, ⇀q ( R !Ñ M, ⇀ & 0,

on the manifold such that ↼p0q “ m and 9↼p0q “ v, i.e. whose initial velocity is the tangent

vector v, takes the form

DFppvq ” d

dt
F p↼ptqq

ˇ̌
ˇ̌
t“0

and it does not depend on the choice of ↼. This de#nition is natural if we acknowledge that,

among the many ways of constructing the tangent space TpM to a manifold M at a point p,

the most intuitive is that of taking the collection of all possible initial speeds of curves starting

at p and traveling on the manifold. This provides our manifold with a vector space, of tangent

vectors, at each point. This de#nition of di”erential is, in particular, valid for real-valued maps

f : M !Ñ R that are di”erentiable, which we will denote as f P F pMq: it’s enough to

consider R as a manifold and canonically identify TfppqR ” R. In this case, then, Dfp P T˚
p
M.

Consider the tangent bundle

TM ”
"

pPM
TpM “ tpp, vq : p P M, v P TpMu

i.e., the collection of all tangent vectors at every point on the manifold, and sections of it,

X : M !Ñ TM, associating to each point: p "!Ñ Xp P TpM a tangent vector. This is a

vector #eld, and we denote by XpMq the collection of them. We say that ↼ is an integral curve

of the vector #eld X P XpMq if:

9↼ptq “ Xςptq for all t P I

that is, at each point p, its velocity is exactly Xp. Now, by the existence theorem for ODEs on

the coordinate representation of the smooth vector #eldX , for each point p P M, there exists

an integral curve ↼p starting at p, i.e. ↼pp0q “ p. For each t P R, this gives a endomorphism

↼t : p P M "!Ñ ↼tppq ” ↼pptq P M “sliding” the manifold along integral curves. Since, by the

chain rule, ↼ppt ` sq is an integral curve at q ” ↼ppsq, assuming also uniqueness of integral

curves, ↼qptq “ ↼ppt ` sq and thus ↼t ˝ ↼sppq “ ↼t`sppq, meaning that we can de#ne a global

!ow onM as the continuous map ↼ : RˆM !Ñ M such that ↼pt, ↼ps, pqq “ ↼pt` s, pq and
14



↼p0, pq “ p. The collection of homeomorphisms ↼t ” ↼pt, pq satis#es the semigroup property

↼t ˝ ↼s “ ↼t`s ↼0 “ IdM

as the image of the curve ↼pptq ” ↼pt, pq is the orbit of p under the group action ↼ of the

additive group R on M.

2.2 O,”$2’0 18,$)!3”

Now, as promised, we describe a coordinate-independent formulation of a vector #eld repre-

senting the gradient of our potential.

D’4!,!%!+, 2.1. A Riemannianmanifold is a pair pM,&qwhereM is a di”erentiable manifold,

the Riemannian structure &u : TuM !Ñ T˚
u
M is symmetric and positive, and the Riemannian

metric g, de#ned as follows:

gpv, wqu “ &upvqrws,

is a symmetric 2-tensor ‡.

The motivation for introducing such structures§ is that we can de#ne the Onsager operator ‡ as

Kp ” &´1
p

: T˚
p
M !Ñ TpM

and the gradient of a potential ω P F pMq, if M is a Riemannian manifold, as:

→ωppq ” KpDωp (7g)

so that (G) can be expressed in:

¨ rate form:

9ut “ ´Kut
Dωut

P Tut
M;

¨ force-balance form:

0 “ &ut
9ut ` Dωut

P T˚
ut
M

where we can think of ϑ ” &u 9u as a “viscous force induced by the rate and of the

di$erential as a potential restoring force.” [Mie23]

‡
Refer to Appendix C for the di”erential geometric tools not discussed in Sect. 2.1 of Chp. I.

§Also see the discussion on musical isomorphisms in App. C.
‡The reference is to the discussion in [OM53, p. 1507].
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Hence, a dissipative system is a triple pM,&,ωq, where we can represent the Riemannian struc-

ture & by a matrix, as it is a linear map between vector spaces: for instance, in Rd, we just

have the !at metric & “ Idd.

E5$)#*’. For the damped particle in a radial potential, &x,y,z “ Idd was just the !at metric,

while

&̃r,ϖ,ϱ “

¨

˚̊
˝

1 0 0

0 r
2 0

0 0 r
2 sin2

ς

˛

‹‹‚ but 9ut “ →gVx,y,z )ñ 9̃ut “ →g̃Ṽr,ϖ,ϱ.

We consider (structurally) the same equation, but the Onsager operator K becomes K̃ as we go

from the !at Euclidean space:

gR3 “
3ÿ

i“1

dxi b dxi

to the (spherical) warped product space:

g̃ “ gR ` r
2
gS2

with !at base manifold and the unit sphere as #ber.

This construction is easily extendable to a convex setting.

2.3 R!’)$,,!$, ”-:20$1!’,%”

With a Riemannian structure, we can naturally measure length of curves and angles between

them, as we are providing each tangent space with an inner product gu, even though we call

it a “metric”, and hence a norm |v|g ”
a
gpv, vqp to measure the length of any tangent vector

v P TpM. In fact, for any two points x0, x1 P M, calling ’ the collection of smooth curves

↼ : t P r0, 1s "!Ñ ↼t P M connecting them, ↼0 “ x0, ↼1 “ x1, the distance

dgpx0, x1q ” inf
ςP!

! 1

0

b
| 9↼t|g dt

makes the manifold a metric space, supposing it is connected.

As we need a notion of convexity on a Riemannian manifold, let’s call a geodesic a curve ↼

such that

dgp↼s, ↼tq $ |t ´ s|dgp↼0, ↼1q for all 0 $ s $ t $ 1

16



and de#ne a set U # M to be geodesically convex if every couple of points x0, x1 P U can be

connected by a geodesic t↼tut ( U .

D’4!,!%!+, 2.2 ([DS10]). The function ω : M !Ñ R is ε-convex along a curve ↼ if @s P r0, 1s :

ωp↼sq $ p1 ´ sqωp↼0q ` sωp↼1q ´ ε

2
sp1 ´ sqd2

g
p↼0, ↼1q

and it is geodesically ε-convex if every couple of points x0, x1 can be connected by a geodesic

along which ω is ε-convex.

Again, we can characterize solutions of the gradient !ow equation onM by the curves solving

1

2

d

dt
d
2
g
put, vq ` ε

2
d
2
g
put, vq $ ωpvq ´ ωputq (EVIω)

for every other tangent vector v.

Now, we take the !ow on M generated by these curves as de#nition of gradient !ow on a

Riemannian manifold, and justify the restriction to (geodesically) ε-convex potentials by the

following.

P0+#+”!%!+, 2.3 ([DS10]). If there exists a gradient !ow for ω : M !Ñ R, then ω is (geodesi-

cally) ε-convex.

P0++4. If there exists a gradient !ow ut for ω : M !Ñ R, any curve ↼t

s
” utp↼sq will solve

(EVIω) for each point of the geodesic ↼s connecting x0, x1, that is, the di”erential inequality

(DEVIω) but now for the function #ptq ” d
2
g
p↼t

s
, ↼sq{2, i.e.

d

dt
#ptq ` ε#ptq $ ωp↼sq ´ ωp↼t

s
q

and integrating for some t & 0:
!

t

0

e
ωr

d

dr
#prq dr ` ε

!
t

0

e
ωr#prq dr $

!
t

0

e
ωrpωp↼sq ´ ωp↼t

s
qq dr,

!
t

0

d

dr
peωr#prqq dr “ e

ωt#ptq ´ #p0q $ pωp↼sq ´ ωp↼t

s
qqe

ωt ´ 1

ε
.

Let Eωptq ” peωt ´ 1q{ε so that for every s P r0, 1s:
1

2
e
ωt
d
2
g
p↼t

s
, ↼0q ´ 1

2
d
2
g
p↼s, ↼0q $ Eωptqpωp↼0q ´ ωp↼sqq, (1)

17



1

2
e
ωt
d
2
g
p↼t

s
, ↼1q ´ 1

2
d
2
g
p↼s, ↼1q $ Eωptqpωp↼1q ´ ωp↼sqq. (2)

Now, because ↼ is a geodesic: p1´ sqd2
g
p↼s, ↼0q ` sd

2
g
p↼s, ↼1q “ sp1´ sqd2

g
p↼0, ↼1q, multiplying

(1) by s̃ ” p1 ´ sq and (2) by s and then adding, we get

1

2
e
ωtps̃d2

g
p↼t

s
, ↼0q ` sd

2
g
p↼t

s
, ↼1qq ´ ss̃d

2
g
p↼0, ↼1q $ 2Eωptqps̃ωp↼0q ` sωp↼1q ´ ωp↼sqq

where

p1 ´ sqd2
g
p↼t

s
, ↼0q ` sd

2
g
p↼t

s
, ↼1q % sp1 ´ sqpdgp↼t

s
, ↼0q ` dgp↼t

s
, ↼1qq2 % sp1 ´ sqd2

g
p↼0, ↼1q

by the triangle inequality, hence

ε

2
sp1 ´ sqd2

g
p↼0, ↼1q $ p1 ´ sqωp↼0q ` sωp↼1q ´ ωp↼sq

which is exactly (geodesic) ε-convexity.

Finally, we can take subgradients and the !ow they generate.

D’4!,!%!+, 2.4. Let pM, gq be a Riemannian manifold, and f : M Ñ R be geodesically ε-

convex. A tangent vector v P TpM at a point p P M is called a subgradient of f at p if, for

every geodesic ↼ on M with ↼p0q “ p:

pf ˝ ↼qptq % fpxq ` tgpv, 9↼p0qqp

for any t % 0, and the subdi$erential Bfp ( TpM is the set of all subgradients of f at p.

Thus, it makes sense to write

&ut
9ut P Bωut

and the product Kut
Bωut

in the rate form can be intended pointwisely.

3. D!””!#$%!+, #+%’,%!$*”

Weneed to develop an “energy-dissipating” scheme, as variants of the Euler scheme respecting

the inequalities we studied, even for, non-necessarily smooth, ε-convex functions and consider
18



the !ow generated by the subgradients, for which (G) becomes:

9ut P ´Bωputq, lim
tÓ0

ut “ u0 P R

and the previous results hold because the chain rule holds for the subdi”erential (even if we

don’t assume smoothness of the potential, an “upper chain rule” holds for smooth perturbations

of a convex function [AGS08, Cor. 1.4.5 and Rem. 1.4.6] and, in particular, ε-convex functions

belong to this class) of ω “ ωc ` ωd where ωc is convex and lower semicontinuous, and ωd is

di”erentiable, for which: Bω “ Bωc ` →ωd.

Indeed, we would like to consider time-incremental minimization schemes in the form

un “ argmin
uPRd

ˆ
ϱ(

ˆ
1

ϱ
pu ´ un´1q

˙
` ωpuq

˙

for a convex function ( : Rd !Ñ R, because the Euler-Lagrange equation§ reads as the

following doubly nonlinear evolution equation:

0 P B(
ˆ
1

ϱ
pu ´ un´1q

˙
` Bωpuq

which will be interpreted as the backward-Euler, fully implicit, discretization of the evolution-

ary inclusion 0 P B(p 9utq ` Bωputq, which is equivalent to the double subdi$erential inclusion:

Dϑn such that ϑn P Bωpunq, ´ϑn P B(
ˆ
1

ϱ
pun ´ un´1q

˙
(DSI)

D’4!,!%!+, 3.1 ([M!’23]). A function ( : Rd !Ñ R8 is a Rayleigh dissipation potential if it is

lower semicontinuous, convex and satis#es (putq % (p0q “ 0.

Because the Legendre transform (˚ of a dissipation potential is automatically convex and

lower semicontinuous, we shall call it dual dissipation potential, and they together satisfy the

Fenchel optimality condition ‡

(pvq ` (˚pϑq % xϑ, vy (FOC)

§
See Appendix D for a geometric-mechanical derivation.
‡
See App. A to refresh the elegant convex-analytic results used throughout.
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for all ϑ, v P R, with equality if and only if ϑ P B(pvq. Applying (FOC) to (DSI), we get:

(

ˆ
1

ϱ
pun ´ un´1q

˙
` (˚ p´ϑnq “ ´

B
ϑn,

1

ϱ
pun ´ un´1q

F

and it is now that we invoke the crucial ε-convexity assumption for the potential:

ϱ

ˆ
(

ˆ
1

ϱ
pun ´ un´1q

˙
` (˚ p´ϑnq

˙
$ ωpun´1q ´ ωpunq ´ ε

2
|un ´ un´1|2.

Now, we can rewrite the incremental Euler-Lagrange equation as an approximate equation as:

ϑ
ε

P Bωpuε ptqq, 0 P B(
ˆ

d

dt
ûε ptq

˙
` ϑ

ε
ptq

and the inequality it generates, summed over n, as:

ωpuε ptqq `
!

t

0

ˆ
(

ˆ
d

dt
ûε

˙
` (˚p´ϑ

ε
q
˙

dr $ ωpu0q ´ ϱε

2

!
t

0

ˇ̌
ˇ̌ d
dt
ûε prq

ˇ̌
ˇ̌
2

dr.

3.1 E,’028(D!””!#$%!+, #0!,3!#*’

On a manifold, we de#ne dissipation potentials as maps ( : TM !Ñ R such that each

local (u : TuM !Ñ R is itself a dissipation potential with B(upvq ( T˚
u
M, and its dual

(˚ : T˚M !Ñ R on the cotangent bundle is obtained at #xed u P M by (˚
u
pϑq so that

B(˚
u
pϑq ( TuM. For instance,

(upvq “ 1

2
gpv, vqu “ 1

2
&upvqrvs )ñ (˚

u
pϑq “ 1

2
ϑurKupϑuqs (DP)

allow us to write both geometric forms of the gradient !ow equation for smooth perturbations

of convex potentials:

0 P B(up 9uq ` Dωu ( T˚
u
M )ñ 9ut P B(˚

u
p´Dωuq ( TuM

and yield the optimality condition

(up 9uq ` (˚
u
p´ϑq % ´ϑr 9us with equality if and only if ϑ P B(up 9uq (FOC)

providing the analogous of the energy identity:

(ut
p 9utq ` (˚

ut
p´Dωut

q (FOC)“ ´Dωut
r 9uts “ ´ d

dt
ωputq
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which can be integrated to obtain the energy-dissipation balance

ωputq `
!

t

0

p(ur
p 9urq ` (˚

ur
p´Dωur

qq dr “ ωpu0q

for all t & 0. It simply states that the potential at a later time t, added to the dissipated energy

in the time interval, give exactly the energy at the earlier time.

D’4!,!%!+, 3.2.We say that a geodesic ut is a curve of maximal slope if it satis#es:

ωpupt2qq `
!

t2

t1

p(ur
p 9urq ` (˚

ur
p´Dωur

qq dr “ ωpupt1qq (EDB)

for all t1, t2 P r0, T s with t1 ’ t2.

This already provides us the time-incremental minimization scheme for step ϱ “ T {N & 0

and given initial value uε

0 “ u0 P M:

u
ε

n
“ argmin

uPM

ˆ
ϱ(un´1

ˆ
1

ϱ
pu ´ un´1q

˙
` ωpuq

˙
,

that is, we are looking for solutions to the Euler-Lagrange equation:

0 P B(un´1

ˆ
1

ϱ
pu ´ un´1q

˙
` Bωun

.

This, de#ning the right-continuous piecewise constant interpolant u
ε
for t P rnϱ, pn ´ 1qϱ s,

similarly to and considered together with, the interpolants in Def. 1.4, we can rewrite as:

ϑ
ε

P Bωuω ptq, 0 P B(u
ω

ptq

ˆ
d

dt
ûε ptq

˙
` ϑ

ε
for t P r0, T s

and sending ϱ Ó 0 in the following version of the ‘Euler-Lagrange inequality’:

ωpuε ptqq `
!

t

0

ˆ
(u

ω
ptq

ˆ
d

dt
ûε

˙
` (˚

u
ω

ptqp´ϑ
ε
q
˙

dr $ ωpu0q ´ ϱε

2

!
t

0

ˇ̌
ˇ̌ d
dt
ûε prq

ˇ̌
ˇ̌
2

g

dr

we get the energy-dissipation inequality

ωpuT q `
!

T

0

p(up 9uq ` (˚
u
p´Dωuqq dt $ ωpu0q. (EDI)
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L’))$ 3.3. A proper, lower semicontinuous, ε-convex functional ω : M !Ñ R8 satis#es the

chain rule inequality
d

dt
ωputq $ ϑtr 9uts (CRI)

if ϑ P L
1pr0, T s; T˚Mq and ϑt P Bωut

.

E,’028(D!””!#$%!+, P0!,3!#*’. Each pair pu, ϑq satis#es (EDI) if and only if it satis#es the

gradient-!ow equation

0 P ϑt ` B(ut
putq and ϑt P Bωputq for t P r0, T s (G)

and (EDB) for 0 $ s ’ t $ T , namely, u is a curve of maximal slope.

P0++4. The backward direction is trivial. For the necessary condition we consider the

“energy gap”

% ” ωpu0q ´ ωpuT q ´
!

T

0

p(up 9uq ` (˚
u
p´Dωuqq dt

(EDI)
% 0

and combine the upper chain rule:

ωpuT q ´ ωpu0q
(CRI)
$

!
T

0

ϑtr 9uts dt

with (EDI), to obtain:
!

T

0

p(up 9uq ` (˚
u
p´Dωuq ` ϑtr 9utsq dt “ ´% $ 0.

The integrand is nonnegative, hence % “ 0 and (EDI) is indeed equivalent to (EDB) on r0, T s
and the integrand vanishes, that is (FOC), integrated on rs, ts yields the desired balance, or,

equivalently, (G).

Thus, we only need to prove existence of curves of maximal slope, and to do it we will use the

Minimizing Movements scheme.

C+0+**$08 3.4. If ω : M !Ñ R8 is geodesically ε-convex and has compact sublevels, for all

u0 P M, there exists a curve of maximal slope uptq satisfying up0q “ u0, (G) and (EDB) for

0 $ s ’ t $ T , namely, uptq is a curve of maximal slope.
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S6’%3/ +4 %/’ #0++4. The argument is a replica of the proof given for Thm. 1.5, except

that we show existence of minimizers for the functional

$puq ” ϱ(un´1

ˆ
1

ϱ
pu ´ un´1q

˙
` ωpuq

namely un such that @w P M:

ϱ(un´1

ˆ
1

ϱ
pun ´ un´1q

˙
` ωpunq $ ϱ(un´1

ˆ
1

ϱ
pw ´ un´1q

˙
` ωpwq

and by the sum rule for subdi”erentials:

0 P B$puq “ B(un´1

ˆ
1

ϱ
pun ´ un´1q

˙
` Bωpuq

or, equivalently,

´ϑn P B(un´1

ˆ
1

ϱ
pun ´ un´1q

˙
and ϑn P Bωpunq, n “ 1, . . . , N.

To get equicontinuity, the key observation is that we can always bound from below any dis-

sipation potentials, because they are convex, by an increasing convex superlinear function

ε : R` !Ñ R` such that, for all pu, v, ϑq P Sr ˆ M ˆ T˚M: (upvq % εp|v|gq and

(upϑq % εp|ϑ|gq. In fact,

ϱε

ˆ
1

ϱ
dgpun ´ un´1q

˙
“ ϱ(un´1

ˆ
1

ϱ
pun ´ un´1q

˙
$ ωpunq ´ ωpun´1q

i.e., summing over n:
!

T

0

ε

˜ˇ̌
ˇ̌ d
dt
ûε

ˇ̌
ˇ̌
g

¸
dt “

Nÿ

n“1

ϱε

ˆ
1

ϱ
dgpun ´ un´1q

˙
$ ω0 ´ ωmin ’ 8

and by Arzelà-Ascoli, up to the extraction of a subsequence:

ûε !Ñ u, uε !Ñ u, u
ε

!Ñ u in C
0pr0, T s; Mq.

We derive (EDI) by passing to the limit ϱ Ó 0 in the discrete approximate energy-dissipation

inequality:

ωpûε pT qq `
!

T

0

ˆ
(u

ω

ˆ
d

dt
ûε

˙
` (u

ω

`
´ϑ

ε

˘˙
dt $ ωpu0q ´ ε

2
ϱ

!
T

0

ˇ̌
ˇ̌ d
dt
ûε

ˇ̌
ˇ̌
2

g

dt
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for ϑ
ε

P Bωpuε q, to obtain (EDI), as ϑ
ε

!á ϑ in L
1pr0, T s;T˚Mq. Exploiting the upper chain

rule and applying the Energy-Dissipation principle, the constructed pair pu, ϑq satis#es both
(G) and (EDB).

Notice that uniqueness is yielded by the ε-contractivity of solutions to (EVIω), which provides

the very de#nition of our gradient !ow.

R’)$06. The functional exploited in the sketch of the proof of Cor. 3.4 corresponds to the

functional generating the Minimizing Movement scheme with the additional introduction of

a convex function ε, with superlinear growth at in#nity, modeling dissipation, i.e.

Fε pn, u, xq “ ϱε

ˆ
1

ϱ
dpu, xq

˙
` ωpxq,

now considering the case of a general metric space pX, dq. This induces a sort of action func-

tional aε : X ˆ X !Ñ R, “measuring the cost for moving between the two point in the amount

of time ϱ & 0” [RS23], which would need not to depend on the metric in general:

Fε pn, u, xq “ aε pu, xq ` ωpxq.

This structure still “preserves the natural splitting between the driving energy functional and a

metric-like dissipation functional”. Restricting to actions that are symmetric and vanish only

on the diagonal ofXˆX, we get a full operational generalization of a metric space, imposing

as third axiom the concatenation inequality:

aε1`ε2pu1, u3q $ aε1pu1, u2q ` aε2pu2, u3q for all u1, u2, u3 P X, ϱ1, ϱ2 & 0,

to be seen as a dynamic version of the triangle inequality, so that, we recover the metric setting

only when a is ϱ -invariant, in which case the action cost itself is the metric. Conversely,

whenever we have an underlying distance, we recover the expression a “ ϱεpd{ϱq. In the

gradient !ow case, we just have εprq “ r
2{2. In this context, action-minimizing curves play

the role of geodesics.
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CHAPTER II

H$)!*%+,!$, ”8”%’)”

As already said, for Newton’s second law, a particle of massm ” 1 in a potential V pqq moves

along a curve qptq in R3 such thatm:q “ ´→V pqq. Introducing the momentum p “ 9q and the

Hamiltonian

Hpq, pq “ 1

2
m|p|2 ` V pqq,

it is equivalent to Hamilton’s equations of motion:
$
’&

’%

9q “ BH
Bp

9p “ ´BH
Bq

i.e. letting ϑ “ pp, qq, 9ϑ “ J→Hpϑq ” XHpϑq, J “
˜

0 1

´1 0

¸
(H )

that is, 9ϑ is an integral curve of the vector #eld XH P XpR6q.
De#ne the skew-symmetric bilinear form ⇁pv1, v2q “ xv1, Jv2y on R3 ˆ R3, called symplectic

form, so that for any v P R3:

⇁pXHpϑq, vq “ x→Hpϑq, vy.

Since we are interested in what happens to the equations of motion when we perform an

arbitrary coordinate change φ ” fpϑq, let’s consider any f : R3 ˆ R3 !Ñ R3, and let the

matrix A represent the di”erential of f , namely Aij “ Bφi{Bϑj , and see how the equations of

motion change:

9φ “ A 9ϑ “ AJ→φHpϑq “ AJA
T→↼Hpϑpφqq

meaning that, they are preserved under a coordinate transformation if and only if AJAT “ J .

We will call such coordinate changes under which the equations for φ have Hamiltonian

H̃pφq “ Hpϑpφqq, canonical transformations. [AM08, Preview]
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E5$)#*’ (R$8*’!2/(L+0’,%7 #’,1-*-)). For a small-angle pendulum, taking q to be the total

horizontal displacement of the massm from equilibrium and p its conjugate momentum:

H “ 1

2m
p
2 ` mg

2,
q
2

and thus it behaves as an oscillator of amplitude A. At the turning points: p “ 0 and thus

H “ mgA
2{2, ” E and the locus of allowed pq, pq values of an orbit must lie on an ellipse

1 “ p
2

gm2A2{, ` q
2

A2
” p

2

b2
` q

2

a2

where a, b are respectively its semi-major and semi-minor axes. The area enclosed by this

ellipse

A “ πab “ πA

ˆ
Am

c
g

,

˙
” πA

2
m⇁

corresponds to the Action

J “
¿

orbit

p dq

because

J “ 2πE

⇁
“ 2π

mgA
2

2,

d
,

g
“ πA

2
m⇁ “ A.

In classical mechanics, the classical action J is an adiabatic invariant, meaning that it stays

constant under “slow” transformations, such as the slow variation in the length of the rope of

a pendulum ,, hence the area doesn’t change as k varies.

We will see that, in a more general setting, transformations preserving volumes in the pp, qq-
space are exactly canonical transformations: in this speci#c example, under a slow (adiabatic)

change of ,we can view the evolution of the system in an extended space (including the length

as a slowly-varying parameter), so that the net e”ect on the pq, pq-subspace is a sequence

of in#nitesimal canonical transformations, each of which preserves volume, that is, in two

degrees of freedom, area.

1. P/$”’ ”#$3’

It is worth noticing that the right way of ‘doing’ classical mechanics is to treat both position

and momentum equally as coordinates (of purely geometric nature) in some ‘common room’,
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picturesquely called the phase space. This is the Hamiltonian formalism ‡ and, to make it more

rigorous, we can identify each position-momentum tuple pq, pqwith its complexi#cation q`ip.

Using the notation z
j
, j “ 1, . . . , 2n to collectively denote the coordinates qi, pi, i “ 1, . . . , n,

Hamilton’s equations read:

9z “ ´2i
BH
Bz

where we mean to use the di”erential operator Bz ” pBq ` iBpq{2. Denoting by Z the vector

space of the pq, pq’s, by Z
˚ its dual and by R : Z˚ !Ñ Z the linear map represented by the

symplectic matrix

J “
˜

0 In

´In 0

¸
,

an Hamiltonian vector #eld is one of the form

XHpzq “ R ˝ DHpzq P XpZq,

meant as composition of operators i.e., using Einstein’s summation convention:

X
i “ R

ij
BH
Bzj ,

resembling the very #rst de#nition given in (H ). We now build the symplectic form ” as the

bilinear form associated to R
´1 : Z !Ñ Z

˚, i.e.

”p▷, ◁q ” xR´1p▷q, ◁y “ x▷, J◁y.

For a bilinear form B : V ˆ W !Ñ R, represented by the matrix Bij , we de#ne the linear

map B
5 : V !Ñ W

˚ as B5pvqpwq ” Bpv, wq represented by pB5qji “ Bij [MR13, sect. 2.2],

so that the de#nition of the symplectic form is equivalent to: ”5 “ R
´1.

Denoting by ”7 ” p”5q´1 “ R, (H ) becomes 9z “ XHpzq “ ”7 DHpzq and multiplying on

both sides by ”5 we again end up with:

”pXHpzq, vq “ x→Hpzq, vy.

‡
As ‘opposed’ to the Lagrangian formalism, the bridge between the two being the Legendre transform (App. D).
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Let us now consider a transformation of coordinates pq̃, p̃q “ ↽pq, pq given by ↽ : Z !Ñ Z i.e.

z̃ “ ↽pzq in the phase space, then

d

dt
z̃ptq “ d↽i

dzj
9zj ” A

i

j
9zj “ A

i

j
B

jk
BH
Bzk “ A

i

j
B

jk
A

↽

k

BH
Bz̃↽

is Hamiltonian if and only if Ai

j
B

jk
A

↽

k
“ B

i↽, that being, A ˝ ”7 ˝ A
T “ ”7. These speci#c

linear transformations that preserve a skew-symmetric bilinear ”, form a group of matrices,

which was #rst given by Hermann Weyl the name of “symplectic”.

D’4!,!%!+, 1.1 (S8)#*’3%!3 20+-#). Sppnq “ tA P M2npRq : A”AT “ ”u.

1.1 H$)!*%+,!$, 4*+.”

D’4!,!%!+, 1.2.We say that a vector #eld XH P XpZq is a Hamiltonian vector #eld if

”5pXHpzqq “ →Hpzq

for all z P Z and for some scalar Hamiltonian, or energy, function H : Z !Ñ R.

Now, (H ) becomes:

9ut “ XHputq “ J→Hputq (H )

in analogy with our notation for Gradient !ows. We even say that the collection of maps

Ht : Z !Ñ Z, t P r0,`8q, such that for any u0 P Rd,H0pu0q ” u0 and the curve ut ” Htpu0q
is the only C

1 solution of (H ), is a Hamiltonian, or phase, !ow of H .

Henri Poincaré discovered that any phase !ow satis#es

”pDHt v,DHt wq “ ”pv, wq for all vectors v, w P Z

namely, that the total areas spanned by the projections vt ” DHt v generated by the !ow, is

constant, i.e. it preserves the symplectic structure. [DR05]

Here, however, di”erently from the gradient !ow case, the Hamiltonian does not decrease

along its trajectories, like a potentialωwould, but insteadwe have a rather important principle.

C+,”’0&$%!+, +4 ’,’028. If ut is an integral curve of XH , meaning that it solves (H ),

then Hputq is constant along trajectories.
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P0++4. Again, the chain rule is all we need:

d

dt
Hputq “ x→Hputq, 9uty def!“ ”pXHputq, 9utq (H )“ ”pXHputq, XHputqq “ 0

because ” is skew-symmetric.

Thus,H ˝Ht “ H , meaning that trajectories are con#ned to the level sets of the Hamiltonian.

R’)$06. An arbitrary two-dimensional system of ODEs de#ned by f, g P C
1 is a Hamiltonian

!ow if and only if
Bf
Bx ` Bg

By “ 0

and, if the Hamiltonian has an isolated critical point at px˚, y˚q:
¨ if it is a local minimum/maximum of H , then px˚, y˚q is a (nonlinear) center for the
system;

¨ if it is a saddle point of H , then px˚, y˚q is a saddle node for the system.

This result is helpful when proving that a system has a (nonlinear) center by building a Hamil-

tonian function for it. In fact, one cannot conclude anything from a (linear) center, as such a

prediction would not be hyperbolic and the Hartman–Grobman theorem does not apply.

D’4!,!%!+, 1.3. Given any pair of functions f, g P F pZq, their Poisson bracket§

tf, gu “ ”p→f,→gq “
nÿ

i“1

Bf
Bqi

Bg
Bpi

´ Bf
Bpi

Bg
Bqi

and the Liouville operator, or Liouvillian

LHf ” tf,Hu.

We can thus rewrite (H ) as

9ut “ LHut

in terms of the Liouvillian, with formal solution

uptq “ e
tLHup0q.

§
Despite the name, these were #rst ‘discovered’ by Lagrange, along with the invariance of the symplectic form,
when he was already 73 years old. In fact, according to [MR13, Sect. 8.2], “it is quite probable that Lagrange
generously gave some of these bracket ideas to Poisson at this time. In any case, it is clear that Lagrange had a
surprisingly large part of the symplectic picture of classical mechanics.”
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E5$)#*’ ([DR05]). For the ‘classical’ Hamiltonian

Hpq, pq “ V pqq ` T ppq, LH “ T
1ppq B

Bq ´ V
1pqq B

Bp
so LHut “ J→Hut

. In the case of the classical harmonic oscillatorHpq, pq “ pq2 ` p
2q{2, we

get the linear system

9ut “ LHut “ pp, qqJ “ Jut

with phase !ow solution

uptq “ e
tJ “ Uptq, where

˜
cos t sin t

´ sin t cos t

¸
.

If we try to approximate the Hamiltonian system above via #rst-order methods, we stumble

into the same problem we met with gradient !ow system: the explicit Euler method
˜
qn`1

pn`1

¸
“ Ũ

˜
qn

pn

¸
, Ũ “

˜
1 ϱ

´ϱ 1

¸

does not conserve the total energy as the numerical solution produced by this method pro-

gressively diverges from the true solution, the oscillation amplitude grows larger, and both

the system’s energy and the corresponding phase space area increase consistently by a factor

Hn`1{Hn “ 1 ` ϱ
2. Moreover, this is not a so-called symplectic method, those for which the

symplectic invariance, ŨJŨ
T “ J , holds at the discrete level.

We can “symplectify” Euler, blending explicit and implicit methods:

qn`1 “ qn ` ϱBpHpqn, pn`1q, pn`1 “ pn ´ ϱBqHpqn, pn`1q.

For the harmonic oscillator

qn`1 “ qn ` pn`1ϱ, pn`1 “ pn ´ qnϱ

i.e.

qn`1 “ qnp1 ´ ϱ
2q ` pnϱ, Ũ “

˜
1 ´ ϱ

2
ϱ

´ϱ 1

¸
P Spp2q.
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For separable, high-school physics, Hamiltonians,

LHut “ LTut ` LV ut, LT “
˜
T

1ppq
0

¸
, LV “

˜
0

´V
1pqq

¸

and we #rst evolve the state with respect to the potential energy and then kinetically, resem-

bling symplectic Euler:

un`1 “ e
εLT e

εLV un.

Integrations in the positions andmomenta are not in phase and, as a consequence, energy is not

conserved yet. However, symplectic Euler behaves more nicely, as there is energy production

only along trajectories that diverge from the equilibrium position: the potential energy peaks

before the kinetic energy is minimized, as functions of q.

To reach the perfection of energy conservation, we can #nd a perturbed Hamiltonian function

H⇀pp, qq “
8ÿ

k“0

ϱ
k
Hk

such that

e
εLHε “ e

εLT e
εLV

and compute each term Hk in the expansion using the Baker-Campbell-Hausdor” formula

ϱLH “ ϱpLT ` LV q ` 1

2
ϱ
2rLT ` LV s

` 1

12
ϱ
3 prLT , rLT ,LV ss ` rLV , rLV ,LT ssq ` . . .

where the commutator

rLT ,LV spfq ” LT pLV fq ´ LV pLTfq “ LtT,V uf

so that

H0 “ T ` V, H1 “ 1

2
tT, V u “ BT

Bq
BV
Bp ´ BT

Bp
BV
Bq ,

H2 “ 1

12
ptT, tT, V uu ´ tV, tT, V uuq , . . .
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or, for the harmonic oscillator

H0 “ 1

2
pq2 ` p

2q, H1 “ ´pq

2
, . . .

so, approximating just up to second order, choosing ϱ “ 2,

H⇀pp, qq « 1

2
pp ´ qq2

and updating pqn`1, pn`1q “ e
2LT e

2LV pqn, pnq, we get the full energetic stability:

H⇀pqn`1, pn`1q “ H⇀pqn, pnq.

2. S8)#*’3%!3 2’+)’%08

Once we have solved the problem of making the !ow equations independent of the choice

of coordinates, by encoding the geometry of such choice in the very de#nition of the vector

#eld giving our ODE, namely in the symplectic matrix J , we need just to make a small step

to further generalize this concept to di”erentiable manifolds, endowed with an appropriate

symplectic structure. [MR13, Sect. 5.1]

D’4!,!%!+, 2.1. A symplectic manifold is a pair pM,”q whereM is a di”erentiable manifold

and ” is a closed ‡ two-form that is non-degenerate, i.e.

”pz, z̃q “ 0 @z̃ P M ùñ z “ 0, or, ”5 is injective.

The two-form assigns to any point p P M a skew-symmetric bilinear form on the tangent

space, ”p : TpM ˆ TpM !Ñ R, and because it is non-degenerate, it de#nes an isomorphism

”5
p
: TpM !Ñ T˚

p
M, between coordinates and momenta.

Notice that a vector space compatible with an anti-symmetric non-degenerate form must nec-

essarily be even-dimensional and, because the dimension of the manifold is the same as all

of its tangent spaces, every symplectic manifold must be even-dimensional (physically, this

ensures that each position q
j has its conjugate momentum pj) and we can always #nd local

canonical coordinates for which ” “ dqi ^ dpi.

‡
We will see later that the closedness of ! is necessary to ensure that the induced Poisson bracket satis#es the
Jacobi identity and the Hamiltonian !ows consist of canonical transformations.
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Moreover, any 2n-symplectic manifold is oriented by the so-called Liouville form§

! “ p´1qnpn´1q{2

n!
” ^ ¨ ¨ ¨ ^ ”looooomooooon

n copies

that in canonical coordinates: ! “ dq1 ^ ¨ ¨ ¨ ^ dqn ^ dp1 ^ ¨ ¨ ¨ ^ dpn, which can be thought

of as a volume element. Thus, any symplectic manifold is orientable and has a well-de#ned

notion of volume, as one can integrate with respect to the Liouville form and use it as a volume

measure.

D’4!,!%!+, 2.2. Let pM,”q and pN , ”̃q be two symplectic manifolds, then, the smooth map

↽ : M !Ñ N is a symplectomorphism, or canonical transformation, if

↽
˚” “ ”̃ i.e. ”ppv, wq “ ”̃ϱppqpD↽ppvq,D↽ppwqq.

It follows that canonical transformations preserve orientation and because, by the naturality

of the exterior product, ↽˚p⇁ ^ φq “ ↽
˚
⇁ ^ ↽

˚
φ, they also preserve volume: ↽˚! “ !, thanks

to the expression of ! in local coordinates.

R’)$06. The corresponding Riemannian notion is that of an isometry pM, gq ϱ!Ñ pN , g̃q, that
is, a transformation inducing the pullback metric ↽˚

g “ g̃ on the destination manifold.

2.1 P+!””+, ”%0-3%-0’”

In introducing symplectic/Poisson structures, we are mainly interested in canonical transfor-

mations, “which leave the respective structures invariant” and are “the key to the implementation

of the structure of reversible dynamics in time-discretized dynamical systems, clearly important

for computer simulations: every discrete time step must be described by a canonical transforma-

tion”, as remarked by Öttinger. [Ött05, App. B.2]

D’4!,!%!+, 2.3. A Poisson manifold is a di”erentiable manifold P endowed with a bilinear,

antisymmetric bracket operation t¨, ¨u : F pPq ˆ F pPq !Ñ F pPq satisfying the:

¨ Jacobi identity: tA, tB,Cuu ` tC, tA,Buu ` tB, tC,Auu “ 0;

¨ Leibniz rule: tA ˝ B,Cu “ A ˝ tB,Cu ` tA,Cu ˝ B.

§
Di”erential forms, their pullbacks and its interaction with exterior products of them, and the orientation they
induce are discussed in App. C.
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The binary operation basically mimics the behavior, with products, of a derivation, thanks to

the Leibniz rule, which must be intended to hold both with respect to the #rst and second

variable. We can represent the Poisson bracket as follows:

tF,Guppq ” DF ppq ˝ LppqDGppq (PB)

where Lppq : T˚
p
P !Ñ TpP is the skew-symmetric linear Poisson operator [Ött05, App. B.2].

It is the most convenient tool for the introduction of dynamical systems because it directly

maps di”erentials (of Hamiltonians) into vector #elds. The Jacobi identity can be re-expressed

in coordinates:

L
i↽

BLjk

Bϑp↽q ` L
j↽

BLki

Bϑ↽ ` L
k↽

BLij

Bϑp↽q “ 0

for L⇁β “ Dϑ⇁ ˝ LpDϑβq.

R’)$06. De#ning for F,G P F pPq the Poisson bracket:

tF,Gupzq ” ”pXF pzq, XGpzqq

corresponding to the Poisson operator L⇁β ” p”´1qβ⇁, every symplectic manifold is evidently

(and trivially) a Poisson manifold. For this bracket, the Jacobi identity follows from the inte-

grability condition: d” “ 0, and that’s why we need to impose the symplectic form to be

closed. In canonical coordinates:

tF,Gu “ BF
Bϑj

BG
Bϑ˚

j

´ BF
Bϑ˚

j

BG
Bϑj

which resembles the usual form of the Poisson bracket from classical mechanics:

tA,Bu ” BA
Bqj

BB
Bpj

´ BA
Bpj

BB
Bqj .

On a symplectic manifold, (H ) reads:

9ut “ LputqDHputq P Tut
M )ñ ”putq 9ut “ DHputq P T˚

ut
M. (H )

Hence, an Hamiltonian system is a triple pM,”, Hq, where the Poisson structure, employed

to characterize reversible dynamics, serves as an abstract extension of classical mechanics. In

this framework, the energy H emerges as the fundamental generator of time evolution for
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reversible systems. The de#ning properties of anti-symmetry and the Jacobi identity (which

can be thought of as the criterion for the possibility of introducing canonical coordinates)

encapsulate the core principles of the classical Poisson bracket, ensuring a formulation that

inherently preserves reversibility. Furthermore, Poisson structures encompass a broader class

of mathematical frameworks than symplectic structures, as they permit degeneracies that are

explicitly ruled out in the de#nition of symplectic forms. This intrinsic degeneracy plays a

fundamental role in incorporating entropy, thereby enabling the formulation of irreversible

contributions within dynamical systems.

On a Poisson manifold, there exists a unique vector #eld XH P XpPq: XHpF q “ tF,Hu,
because for any HamiltonianH P F pPq, the map F "!Ñ tF,Hu satis#es the Leibniz rule and
thus uniquely determines the Hamiltonian vector #eld XH .

L’))$ 2.4. If ut is a !ow on P and H P F pPq, then for every F P F pUq, with U open in P :

d

dt
pF ˝ utq “ tF ˝ ut, Hu

if and only if ut is the !ow of XH .

P0++4. Let z P P , then

d

dt
F putpzqq “ DFutpzq

ˆ
d

dt
utpzq

˙

and

tF,Huputpzqq “ DFutpzqpXHputpzqqq

so, to get equality of the two expressions, we need:

DFutpzq

ˆ
d

dt
utpzq

˙
´ DFutpzqpXHputpzqqq “ DFutpzq

ˆ
d

dt
utpzq ´ XHputpzqq

˙
“ 0

that being, we need the tangent vector

v ” d

dt
utpzq ´ XHputpzqq P TzP

to vanish when coupled with any di”erential and thus, by the Hahn-Banach theorem, v “ 0

or,
d

dt
utpzq “ XHputpzqq
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i.e. ut is the integral curve of XH with initial condition z, or, ut is the !ow of XH .

Conversely, if ut is the !ow of XH , then XHputq “ DutpXHq and by the chain rule:

d

dt
F putq “ DFut

pXHputqq “ DFut
DutpXHq “ DpF ˝ utqpXHq “ tF ˝ ut, Hu

and moreover H ˝ ut “ H .

We can rewrite (H ) as:

9ut “ tut, Hu (H )

and theHamiltonian being constant along the integral curves ofXH as the following statement

of the conservation of energy. [MR13, Sect. 10.2]

P0+#+”!%!+, 2.5. F is constant along the integral curves of XH if and only if tF,Hu “ 0.

We shall call Casimir functions C P F pPq those that are constant along the !ow of all Hamil-

tonian vector #elds:

tC, F u “ 0 for all F P F pPq

and generate the trivial dynamics: XC “ 0.

E5$)#*’. If P is symplectic, because XC “ 0 ùñ dC “ 0, Casimir functions are locally

constant (on the connected components of P).

Now, ↽ : P !Ñ P̃ is a canonical transformation if and only if tF,Gu ˝ ↽ “ tF ˝ ↽, G ˝ ↽u.
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CHAPTER III

GENERIC

1. R’&’0”!:*’ $,1 !00’&’0”!:*’ %/’0)+18,$)!3”

In thermodynamics, the variation in the internal energy of a system obeys [Ött05]:

DU “ DWloomoon
doing work on the system

` DQloomoon
transferring heat to the system

“ ´pDVloomoon
changing volume under a certain pressure

` Tloomoon
temperature,

DSloomoon
entropy

.

This is Gibbs’ fundamental equation of thermodynamics, which splits contribution in a re-

versible (the former) and an irreversible (the latter) process. By means of a Legendre trans-

form ‡, we get the Helmholtz free energy

F “ UrT s “ U ´ TS

and the Gibbs free energy

G “ UrT, P s “ U ´ TS ` PV

that serve as generalized potentials for measuring “how far” the system is from equilibrium in

terms of the “slopes”, that are the conjugate variables. In fact,

DF “ ´SDT ´ PDV, DG “ ´SDT ` V DP

and a set of equations of state is associated with each of the potentials:

SpT, V q “
ˆBF

BT

˙

V

, P pT, V q “
ˆBF

BV

˙

T

‡
See Appendix A.
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and since
B2
F

BTBV “ B2
F

BV BT
one can obtain the so-called Maxwell’s relations:

ˆBP
BT

˙

V

“
ˆ BS

BV

˙

T

.

“These interrelations are heavily used in thermodynamic calculations. Maxwell, whose turn of

mind was geometrical, obtained them, and similar relations, from the properties of a parallelo-

gram; he concluded”, by his own words in The Theory of Heat, “that such a relation !is a merely

geometrical truth, and does not depend upon thermodynamic principles", whereas he o$ered

the formulation in the language of di$erential calculus only as a footnote.” [Ött05, A.5]

The fundamental assumption here is the Maximum entropy postulate, that there exists a func-

tion, called the Entropy, of the extensive parameters, de#ned for all equilibrium states, and

having the following property: the values assumed by the extensive parameters in the ab-

sence of a constraint are those that maximize the entropy over the manifold of constrained

equilibrium states.

A consequence of this postulate is that the hypersurface S “ SpU,X1, . . . , Xnq in the ther-

modynamic con#guration space should have the property that it lies everywhere below its

tangent planes. This implies conditions for the derivatives of the fundamental relation. For

example, in the case S “ SpU, V,Nq, we have
ˆ B2

S

BU2

˙

V,N

$ 0,

ˆ B2
S

BV 2

˙

U,N

$ 0 and
B2
S

BU2

B2
S

BV 2
´

ˆ B2
S

BUBV

˙2

% 0.

The positiveness of physical quantities like speci#c heats, compressibilities, and expansion

coe%cients is a direct consequence of these thermodynamic stability requirements.

2. F+0)$*!”)

We want to develop a common framework for a time-evolution equation encoding both a

reversible and irreversible component:

dx

dt
“ 9xrev. ` 9xirr.
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in analogy with Gibbs’ fundamental equation.

While Poisson structures provide a mathematical formalism to study reversible processes as

Hamiltonian systems, also gradient !ows naturally arise in the study of irreversible thermo-

dynamical processes.

E5$)#*’ (G!,7:-02(L$,1$- ’9-$%!+,). Identifying the constant parameter T with the equi-

librium temperature of a #nal time independent state de#ned by a vanishing gradient of the

Helmholtz free energy F px, T q, a system tries to minimize its free energy, or to maximize its

entropy, by following the gradients of these generators. However, according to Ginzburg and

Landau, the system does not develop directly in the direction of the gradients, but frictional

e”ects are rather taken into account:

dx

dt
“ ´ 1

T
M

BF px, T q
Bx “ M

BS
Bx

through the matrix M , here playing the role of the Onsager operator.

The #rst proposal for a general evolution equation for beyond-equilibrium systems [GÖ97],

known as GENERIC (general equation for the non-equilibrium reversible-irreversible cou-

pling) is:
dx

dt
“ LpxqBEpxq

Bx ` MpxqBSpxq
Bx

where x completely describes the non-equilibrium system, “the functionals Epxq and Spxq are
the total energy and entropy expressed in terms of the state variables x, and Lpxq and Mpxq
are the Poisson and friction matrices representing geometric structures and dissipative material

properties in terms of linear operators”, in the words of Öttinger. [Ött05]

This is however rather rough. But we have developed all the mathematical tools needed to

study both reversible and irreversible dynamics, respectively through the introduction of the

Poisson and Onsager operators, and just need to (literally) “sum up” (H ) together with (G).

What we obtain is a GENERIC system, which is just a dissipative-Hamiltonian system, i.e. a

quintuple tM,&,ω,”, Hu, referring to the notions, introduced in Chapters I and II, of Rie-

mannian and Poisson structures and the dynamics they induce.§

§
Also see Appendix C.3 for a fully di”erential geometric formulation of the GENERIC evolution, in terms of
bundle isomorphisms induced by the metric and symplectic forms.
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D’4!,!%!+, 2.1. A GENERIC !ow is a !ow ut with time-evolution:

9ut P LputqDHut
´ KputqBωputq (GENERIC)

for some Hamiltonian H P F pMq, called energy, and a (geodesically) ε-convex potential

ω : M !Ñ R, called entropy, satisfying the non-degeneracy, or non-interaction, conditions

”putqBωputq “ &putqDHputq “ 0 P Tut
M. (‹)

The de#nition (PB) implements in (H ) the idea that the reversible contribution to time evo-

lution should be well structured, namely, in the form of a Hamiltonian dynamical system in

the geometrical setting of Poisson manifolds. Analogously, we can de#ne the Lie “dissipative”

bracket

rF,Gspuq ” DF puq ˝ KpuqDGpuq, F,G P F pMq

with which the operator version of GENERIC can be rewritten in the equivalent bracket form ‡

9F “ tF,Hu ` rF,ωs.

This, together with (‹), yields a rather strong formulation of energy conservation:

d

dt
H “ tH,Hu ` rH,ωs “ 0

and of the very hallmark of reversibility, that is, entropy production:

d

dt
ω “ rω,ωs % 0

by non-negativity of the (dissipative) Lie bracket. In fact, the non-degeneracy requirements

are equivalent to the entropy being always a Casimir function:

tω, Hu “ 0, or, in coordinates, @j : Bω
BqiL

ij “ 0

and the Hamiltonian being automatically conserved:

9H “ rH,Hs “ 0

‡
In this formulation of the GENERIC time-evolution of some arbitrary smooth observable, we consider ‘plus’ a
gradient !ow to be coherent with the physical interpretation of an ever-ascending gradient for the entropy.
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and respectively correspond to the First and Second Principle of Thermodynamics. They ex-

press the reversible nature of the L-contribution to the dynamics (the functional form of the

entropy is such that it cannot be a”ected by the operator generating the reversible dynamics)

and the conservation of the total energy of an isolated system by the irreversible contribution

to the dynamics: all dissipated mechanical energy is converted into internal energy.

Thanks to the geometric nature given to the formalism, it is invariant by coordinate changes,

namely, under isometric and canonical transformations.

R’)$06. If ω P F pMq, then Bω “ tDωu and (GENERIC) becomes

9ut “ Lut
DHut

´ Kut
Dωut

.

SupposeM “ R2, then the standard Euclidean metric and Poisson structure are:

L “
˜

0 1

´1 0

¸
and K “

˜
1 0

0 1

¸

i.e. any GENERIC system takes the form

9x “ ´Bω
Bx ` BH

By ,

9y “ ´Bω
By ´ BH

Bx .

We can generalize the formalism in Euclidean non-even dimension by just letting L be any

skew-symmetric Poisson matrix and K some symmetric friction matrix.

3. D!”30’%’ 20$1!’,%”

Supposing we had not developed any integrator theory for gradient !ows and Hamiltonian

systems, there are two immediate abstract time-stepping algorithms§ that preserve both the

dissipative and conservative structure of GENERIC, without resorting to minimizing move-

ments or symplectic integrators.

§
First proposed by [Rom09].
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The #rst idea is to couple both structures in a unique monolithic integrator

un`1 ´ un

ϱ
“ Luω

DHuω
´ Kuω

Dωuω

where uε “ pun`1´unq{2. Namely, we want our discrete gradients to be at least second-order

approximations to their continuous counterparts at the midpoint ϱ{2. Hence, we impose the

non-interaction condition

Luω
Dωuω

“ Kuω
DHuω

“ 0

and directions

DHuω
pun`1 ´ unq “ Hun`1 ´ Hun

, Dωuω
pun`1 ´ unq “ ωun`1 ´ ωun

. (dir.)

This may seem rather arbitrary, but, considering the solely-conservative system

un`1 ´ un

ϱ
“ XHpuε q

which is nothing more than the discretization of (H ), then it was noticed [Gon96] that, as-

suming (dir.),

Hun`1 ´ Hun
“ DHuω

pun`1 ´ unq (H )“ ϱDHuω
pun`1 ´ unqXHpuε q

and it’s enough to take an orthogonal Hamiltonian vector #eld for H to be the searched inte-

gral. Robustly enough, energy is conserved:

Hun`1 ´ Hun
“ DHuω

pun`1 ´ unq

“ ϱDHuω
pLuω

DHuω
´ Kuω

Dωuω
q “ 0

and entropy is never-decaying:

ωun`1 ´ ωun
“ Dωuω

pun`1 ´ unq

“ ϱDωuω
pLuω

DHuω
´ Kuω

Dωuω
q % 0.

Alternatively, we can separately discretize the energetic gradient vector #eld generated by

the reversible Poissonian dynamics and entropy gradient !ow generated by the irreversible
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Onsager dynamics, by means of a staggered integrator

ũn`1 ´ un

ϱ
“ Lũω

DHũω
,

un`1 ´ ũn`1

ϱ
“ Kυn

Dωυn

where ũε “ pũn`1 ´ unq{2, 0n “ pun ´ ũnq{2 and ũn represents the state of the system a$er

it evolves reversibly, and both energy and entropy are conserved. The irreversible iterative

updates, at each step, conserve the energy and dissipate the negative entropy, resulting in a

global robustness.

3.1 M!,!)!7!,2M+&’)’,%” $##0+$3/

We consider again the dissipation potentials (DP), so that B(upBωuq “ KuBωu and we can

rewrite (GENERIC) as

9ut P Lut
DHut

´ B(ut
pBωut

q (GENERIC)

and thus, as the inequality [JST19]:

´ωputq `
!

t

0

(˚
ut

p 9ut ´ Lut
DHut

q dr `
!

t

0

(ut
p´Bωut

q dr ` ωpu0q $ 0 (GENERIC!)

because

(GENERIC) )ñ 9ut ´ Lut
DHut

P B(ut
p´Bωut

q
(FOC))ñ (ut

p 9ut ´ Lut
DHut

q ` (˚
ut

p´Bωut
q ´ p 9ut ´ Lut

DHut
qr´Bωut

s $ 0

(‹))ñ d

dt
ω ˝ u ` (ut

p 9ut ´ Lut
DHut

q ` (˚
ut

p´Bωut
q $ 0

(FOC))ñ (GENERIC!).

In the spirit of De Giorgi’s Energy-Dissipation Principle, (GENERIC) can equivalently be for-

mulated, in terms of the scalar equation [JST22]:

ωputq `
!

t

0

(ur
p 9ur ´ Lur

DHur
q dr `

!
t

0

(˚
ur

p´Bωur
q dr “ ωpu0q (EDP)

for all t P r0, T s, because

(GENERIC)
(FOC))ñ (ut

p 9ut ´ Lut
DHut

q ` (˚
ut

p´Bωut
q ´ p 9ut ´ Lut

DHut
qr´Bωut

s “ 0

(‹))ñ d

dt
ω ˝ ut ` (ut

p 9ut ´ Lut
DHut

q ` (˚
ut

p´Bωut
q “ 0 )ñ (EDP).

43



In analogy with the gradient !ow case, we will tackle a discrete version of (‹), extending De

Giorgi’s Minimizing Movements scheme: given a time partition 0 “ t0 ’ t1 ’ ¨ ¨ ¨ ’ tN “ T

with diameter ϱ , consider the time-discrete trajectory tunuN
n“0 P MN`1 from the initial state

u0, and subsequently perform the time-incremental minimization of the functional

$ε,un´1puq ” ωpuq ` ϱ(˚
uϑ

´
u ´ un´1

ϱ
´ LuDHuϑ

¯
` ϱ(uϑp´Bωuq ´ ωpun´1q

where uϖ ” ςu ` p1 ´ ςqun´1 for some #xed ς P r0, 1s.
For instance, trajectories solving the Euler scheme:

un ´ un´1

ϱ
“ Lun

DHuϑ
n

´ Kuϑ
n
Bωun

enable us to solve the inequality

$ε,un´1punq $ ϱ(˚
uϑ
n

´
un ´ un´1

ϱ
´ Lun

DHuϑ
n

¯
` ϱ(uϑ

n
p´Bωun

q ´ Bωun
run ´ un´1s (FOC)“ 0

and this a priori bound will compose the assumption behind the convergence of discrete solu-

tion to the variational problem.

T/’+0’) 3.1 ([JST22]). Under the above assumptions and the usual convention for the varia-

tional interpolants, if

lim
εÓ0

Nÿ

n“1

$ε,un´1punq “ 0,

each tûnun P W
1,2pr0, T s; Mq, each conservative interpolant tLun

DH
u
ϑ
n
un P L

2pr0, T s; Mq
and each dissipative slope tBωun

un P L
2pr0, T s;T˚Mq is bounded, then, up to extracting a

subsequence, there is the (weak) convergence: ûn !á u P W
1,2pr0, T s; Mq.

S6’%3/ +4 %/’ #0++4. Our discrete sequences of solutions converge (weakly, upon ex-

tracting subsequences) and ful#ll

Nÿ

n“1

$ε,un´1punq % ωpuptqq `
!

t

0

(˚
u
ϑ

ˆ
d

dt
û ´ LûDHu

ϑ

˙
dr `

!
t

0

(
u
ϑp´Bωuq dr ´ ωpup0qq

for all t P r0, T s. By lower semicontinuity of the sum of the entropy-production potential and

its dual, namely, if yn
M!Ñ y, φn

M!á φ and ϑn
T˚M!á ϑ, then

lim inf
n"Ñ`8

p(˚
yn

pφnq ` (yn
pϑnqq % (˚

y
pφq ` (ypϑq
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since re#ning the partition (ϱ Ó 0) is equivalent to adding more and more interpolants (i.e.

n Ò `8), our inequality converges to (GENERIC!).

3.2 GENERIC F+0)$*!”) I,4+0)’1 N’-0$* N’%.+06”

Given a dynamical system

9ut “ F putq, ut P ” # Rd
, t P p0, T s,

we want to approximate F through sampled data, by employing a Neural Network FNNpu,1q,
parametrized by 1, such that the trajectories

d

dt
ũt “ F

NNpu,1q

resemble as close as possible the observed trajectory data. LetM be the number of trajectories

and T the number of times steps

t1, . . . , tj, . . . , tT

then the µth trajectory is
!
tj, utj

´
u

pµq
0

¯)
T

µ“0
, starting from u

pµq
0

and we want to minimize

Lp1q “ 1

M

Mÿ

µ“1

1

T

Tÿ

j“1

ˇ̌
ˇ ũ▷

tj

´
u

pµq
0

¯
´ utj

´
u

pµq
0

¯ˇ̌
ˇ
2

where
d

dt
ũ
▷

tj

´
u

pµq
0

¯
“ F

NNpz,1q, starting at utj

´
u

pµq
0

¯
.

Since we know physics, we can either modify the loss with a penalization function for not

following the principles, or we can encode it in the very structure of the Neural Network ‡.

If fpx,1q : Rd !Ñ R is a L-layer NN, then we can de#ne the gradient of f ˝ g with respect to

x as

→fpgpxq,1q “ Dgpxq
«
W

pLq
L´1#

j“1

)jW
pjq

$
“ Dgpxqr→f ˝ gpxqs.

‡
We follow the derivations of [ZSE22].
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Our goal is to design Neural Networks that satisfy symmetry and degeneracy of GENERIC,

yet are su%ciently expressive to learn the underlying dynamics from data. The GENERIC

formalism comprises two orthogonal modules, each of which contains two components:

DH K K, Bω Q ϑ K L.

E5$)#*’. If L is known, we ought to #nd some proper NN such that LBωNN “ 0. If ω was

given, we want to #nd skew-symmetric matrix LNN such that LBωNN “ 0. In both cases, there

are in#nitely many choices.

Suppose the generators L and K are known, and, for any matrix-valued map

u P ” "!Ñ Au P MdpRq, n “ rankpAq

with tq1, . . . , qnu an orthonormal basis of kerAu, de#ne the invariant kernel

%kerAu “ spantq1, . . . , qñu, ñ $ n

as the longest subspace of kerAu such that ImpDquq ( kerAu. We will throughout assume

there exist Fu P F
n´ñp”q such that

span→Fu ‘ %kerAu “ kerAu.

Moreover, letting Qu “ pq1
u
, . . . , qñ

u
q, de#ne

Pu ” pQuu, Fuq P Rn

namely, the #rst ñ components of Pu are the orthogonal projection coe%cients of u onto %kerAu

and the remaining components are the Fj
u
’s.

GivenG, representing either the Hamiltonian energy or the entropy potential, we can reinter-

pret the degeneracy conditions (‹) as:

→G P kerAu

with A being either the Onsager K or the Poisson operator L. In fact, the above assumptions

provide the key information on how to control →GNN inside kerA as a function of u.
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Let

GNNpu;1q ” fpPu,1q

so that any given GNN satis#es Au→Gu “ 0, @u P ”.

Let FA be the collection of C1 functions G : ” !Ñ R such that

→Gu “ DPurcu ˝ Pus

for some continuous function cu : Rn !Ñ Rn.

L’))$ 3.2. Suppose A is constant, then

FA “ tf P C
1p”q : →f P kerAu.

P0++4. Since A is constant, so is Q and n “ ñ, Pu “ Qu and DPu “ Q. Let G̃pϑq ” GpQφq,
then

→Gu “ Q→G̃|φ“Qu
“ Q→G̃ ˝ Pu

and we conclude by letting cφ “ →G̃pϑq.

T/’+0’) 3.3. For all Gu P FA and ⇀ & 0, there exists GNN
u

such that

sup
uP”

|→Gu ´ →GNN
u

| ’ ⇀

and DGNN
u

P kerA for all u P ”.

P0++4. By the Universal Approximation Theorem§, there exists a neural network fup1q
such that

sup
uP”

|→fu ˝ Pu ´ cu ˝ Pu| ’ ⇀

because DPu is full rank in ”.

For GENERIC:H P FK and ω P FL. IfH and ω are unknown, the goal is to approximate L and

K: just set G ” GNN. If instead the entire quadruple pL,K, H,ωq is unknown, we do not need

to control the gradient of GNN to remain inside kerAu anymore, and we can rather design a

matrix-valued neural network ANN to satisfy →GNN P kerANN
u
.

§
See App. E for a proof and the implications of the theorem on the architecture of deep neural networks.
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Let S P MdpRq be any skew-symmetric matrix, that is, xv, Svy “ 0 for all v P Rd, then

xS→g,→gy “ 0 for any di”erentiable function g : Rd !Ñ R. Consider S1, . . . , Sk, . . . skew-
symmetric such matrices and de#ne the matrix Qg as the 2-tensor

pQgqij “ Sijk→gk

so that Qg→g ” 0. Simply let

ANN “ QT
GNNBNNQGNN

where BNN is skew-symmetric if A “ L and is a symmetric positive semi-de#nite matrix if

A “ K. With this model, motivated by the spectral decomposition of either skew-symmetric or

symmetric positive semi-de#nite matrix, degeneracy conditions (‹) are respected and, owing

to the universal approximation theorem, the proposed neural network is expressive enough

for approximating the underlying target function ‡.

In this case, the trainable parameters of the Neural NetworksHNN
,ω

NN
,BNN

L ,BNN
K are the skew-

symmetric matrices used in the covariant de#nition of QHNN and QϑNN.

‡
The full proof, which we do not provide for the sake of brevity, can be found in [ZSE22].
The bulk of the idea is to conclude, similarly to our previous argument, the existence of a skew-symmetric matrix-
valued neural network distant enough, in the Frobenius norm, from the spectral decomposition of QGNN , so that
the approximation is universal.
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CHAPTER IV

E5$)#*’”

We shall now illustrate some examples of GENERIC systems.

1. T/’0)+’*$”%!3 1+-:*’ #’,1-*-)

Let’s start from the simple thermodynamical model system of two point masses m1,m2 con-

nected by thermoelastic springs of entropy S1, S2 and tied to a #xed point. Let qi, pi P R2,

i “ 1, 2, denote positions and momenta of the particles, as we are assuming the motion to

take place in the plane, and ε1 “ |p1|,ε2 “ |ε2| the lengths of the springs; then, choosing

u “ pq1, q2, p1, p2, S1, S2q P R10

as statevector, we obtain the the potential ω “ S1 ` S1 and the Hamiltonian

H “
2ÿ

i“1

Ki ` Ei, where the kinetic energies Ki “ 1

2
|pi|2,

and the internal energies Ei “ 1

2
plog εiq2 ` log εi ` e

Si´log ωi ´ 1

with absolute temperatures

1i “ BEi

BSi

such that the time evolution governing the system is the GENERIC !ow equation
¨

˚̊
˚̊
˚̊
˚̊
˚̊
˝

9q1

9q2

9p1
9p2
9S1

9S2

˛

‹‹‹‹‹‹‹‹‹‹‚

“

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˝

p1

p2

´Bq1pE1 ` E2q
´Bq2pE1 ` E2q

12{11 ´ 1

11{12 ´ 1

˛

‹‹‹‹‹‹‹‹‹‹‚

“ L→H ´ K→ω
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thus

L “
˜

04 S

´S
T 06

¸
P M10pRq, S “

˜
1 0 0

0 1 0

¸

and

K “
˜
08 0

0 ´T

¸
P M10pRq, T “

˜
12{11 ´1

´1 11{12

¸
.

1.1 M+,+*!%/!3 ”8))’%08

This may appear very rough, but a, energy-preserving and monotonic entropy, monolithic in-

tegrator for this system is implemented in [Rom09], exploiting the symmetries of the problem.

If the n-dimensional state space has symmetries, that rigorously means that the orbits of the

symmetry group have dimension s ‰ n, and thus there are n ´ s “degrees of freedom”, or

invariants of the symmetry, which we will denote by π “ pπ1, π2, . . . , πn´sq, meaning that

each πipuq is invariant under the action of the symmetry group. Intuitively, it “collapses”

each symmetry orbit (which is an s-dimensional manifold itself) to a single point in its image,

reducing to only the essential degrees of freedom. Then, considering the reduced energy and

entropy

H̃u “ Hu ˝ π
´1
u
, ω̃u “ ωu ˝ π

´1
u

we can directly de#ne discrete gradients as follows:

DHuω
“ →πpuε qDẼ◁ω

, Dωuω
“ →πpuε qDω̃◁ω

.

In particular, these additionally conserve angular momentum, suitably de#ned as the momen-

tum map ‡ associated to the Lie group whose orbits #x the Hamiltonian when acting on the

state space.

For the double pendulum, it’s enough to approximate the absolute temperatures as 1i « D◁i
Ei

at each step.

‡
See [MR13, Ch. 11].
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2. T/’ )!,!)!7!,2()+&’)’,%” ”3/’)’ 4+0 %/’ 1$)#’1 /$0)+,!3 +”3!*(

*$%+0

Consider a one-dimensional harmonic oscillator in the presence of friction. We let q P R be

the position of the particle andm & 0 its mass, 2 & 0 the viscosity of a homogeneous medium

causing its friction, 3 & 0 the Hookean spring constant, 1 & 0 the absolute temperature of the

oscillator and ε a thermal-exchange coe%cient. Its mechanical motion with thermal e”ects is

thus governed by

m:q ` 2 9q ` 3q ` ε1 “ 0

and its thermal energetic evolution by

c 91 “ 2 9q2 ` ε 9q1.

Introducing the canonical momentum p P R we get the three-dimensional system

9q “ p

m

9p “ ´2p

m
´ 3q ´ ε1

91 “ 2p
2

m2c
` εp1

mc

which can be formulated as a (Euclidean) GENERIC !ow, with u ” pq, p,1q and state space

M ” R2 ˆ p0,`8q, of the Helmholtz free energy function

#pq, p,1q “ 3q
2

2
` εq1 ´ c1 log 1

that is, with entropy ω “ ´B▷# and energy

H “ 1

2m
p
2 ` # ` 1ω

and Poisson and friction matrices

L “

¨

˚̊
˝

0 1 0

´1 0 ´ε1{c
0 ε1{c 0

˛

‹‹‚, K “ 21

¨

˚̊
˝

0 0 0

0 1 ´p{pmcq
0 ´p{pmcq p

2{pmcq2

˛

‹‹‚.
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For this system, Öttinger proposed in [Ött18] an integrator inspired byMoser’s symplectic Eu-

ler, with fully perturbedHamiltonian and frictionmatrix. However, in [JST22] the construction

of a dissipation potential and the implementation of the minimizing movements scheme can

be found.

3. GENERIC 4+0)$*!”) -,1’0 4*-3%-$%!+,”

GENERIC is equally powerful in the mathematical description of the time-evolution of random

systems. We just let tututPT be a sequence of random variables ut P X, for continuous space

X and time T. We want to study the in#nitesimal evolution of the random quantity

%h ” puh ´ u0|u0 “ xq, w.l.o.g. x “ 0.

The simplest assumptions would be that, as h Ó 0, our process has constant zero mean:

Er%h{hs Ó 0, i.e. that it as no “dri$”, has a #xed variance: Er%2
h
{hs “ 4

2, i.e. that it pos-

sesses some constant volatility, and that it makes no jumps§: Pp|%h| & ⇀q Ó 0 for all ⇀ & 0. We

immediately understand that trajectories t "!Ñ ut must be a.s. everywhere continuous, that is,

they are continuous with prob. 1 for all times, and that the stationary independent increments

are normally distributed:

ut ´ us „ Np0, pt ´ sq42q, 0 ’ s ’ t

meaning that it is a Markov process: intuitively, the conditional probability of future states

only depends on the current spatial con#guration and not on the entire history of events.

Wiener proved that such a process exists, and corresponds to the long-before studied Brownian

motion, governing the dynamics of di”using particles inside viscous media. We will denote by

pBtqtPr0,`8q the Brownian motion with 4 “ 1, so that we can impose the formal (stochastic)

di”erential equation

dut “ µpu, tq dt ` )pu, tq dBt, (SDE)

in which case we say that putqtPT is a di$usion process [Pav14, Sect. 2.5], for dri$ µpu, tq
and di”usion )pu, tq coe%cients, provided that the process has continuous trajectories. The
§
A$er all, by introducing stochasticity we would like to extend our model to almost all physically-relevant phe-
nomena and “Natura non facit saltus”!
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conditional density 5pu, sq, acting on test functions f : X !Ñ R as follows:

5pusqrf s “ Erfputq|us “ us

evolves according to the boundary value problem

B5
Bs “ L 5, 5pu, 0q “ fpuq (KBE)

known as the Kolmogorov (backward) equation, driven by the so-called generator

L “ xµpu, sq,→y ` 1

2
)pu, sq→2

for s P r0, ts.

E5$)#*’. In the standard Brownian motion, µ ” 0 and ) “ IdX, hence the cross terms of the

Hessian vanish, leaving the diagonal terms summing up to the Laplacian, namely, (KBE) is the

heat equation 95 “ ½%5, zero-dri$ equation with constant di”usion.

3.1 F+66’0–P*$,36 !, %/’ #/$”’ ”#$3’

Consider now the transition probability density 6pu, tq, which satis#es the Fokker–Planck, or

Kolmogorov (forward), equation

B6
Bt “ L

:
6 “ div

ˆ
´µu6 ` 1

2
divp)u6q

˙
.

R’)$06. It may come as a surprise, but our choice to use the same notationL for the generator

of di”usions and the Liouvillian (Ch. II, 1.1) of classical mechanical systemswas not fortuitous!

Suppose introducing stochasticity in a Hamiltonian system and consider the phase space dis-

tribution 6pu “ p 9p, 9qq, tq, then Liouville’s Theorem asserts that the distribution function is

constant along any trajectory in phase space, namely, that density is conserved in the phase

space:

B6
Bt “ ´divp6uq

“ ´6Biui ´ u
iBi6

“ tH, 6u “ LH6
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where Biui vanishes by assumption. If we let ) ” 0 in (SDE), we obtain a classical ODE with

no di”usion, and, similarly, we recover Liouville’s equation from Fokker-Planck: the former

totally described the (reversible) dynamics and, as soon as a heat kernel driven by a di”usive

term is added, irreversibility manifests and we get a full dissipative-conservative coupling.

The previous remark justi#es the Liouville equation corresponding to GENERIC [GÖ97]:

B6pu, tq
Bt “ ´div r6pu, tq pL→H ´ K→ωqs ,

responsible for the overall dynamics, while we con#ne the di”usive term to the Onsager dy-

namics: we want to introduce a noise term and thus consider how perturbed our system’s

dissipation stands from the base (Shannon-Boltzmann-Gibbs) entropy hpuq “ ´kBu log u, i.e.

the Fokker-Planck equation

B6pu, tq
Bt “ ´div r6pu, tq pL→H ´ K→ωqs ` kBdiv rKdiv6s

governs the coupled time-evolution of the distribution function and is the particular realization

of GENERIC with entropy

S “
!

X

upωpuq ´ kB log 6puqq. (Ent)

This is equivalent to the (SDE) with

))T ” 2kBK
‡
, µ ” L→H ´ K→ω ` kB div K

so that, together with the usual interaction condition (‹), we recover (GENERIC) in the deter-

ministic limit kB Ó 0. GFINNs, for such a system [ZSE22], reduce to the dri$ and di”usion

components

µ
NN
ut

” LNN
ut
DHNN

ut
´ KNN

ut
DωNN

ut
` kB div KNN

ut
,

)NN
ut

”
a
2kB

ˆb
B

NN
K H

NN
˙T

.

‡
This is an instance of the Fluctuation-Dissipation Theorem, if we once more interpret K as a “friction operator”.
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3.2 L$,2’&!, 18,$)!3”

Consider again Newton’s equation, now with an additional linear dissipation term, driven by

some friction coe%cient ω as before, and a stochastic forcing driven by the Brownian noise

ϑptq “ ϑ 9Bt ”
a
2ω◁´1 9Bt:

:qt “ ´→ωpqtq ´ ω 9qt ` ϑptq

this is the Langevin’s equation§ governing the di”usion of a particle with a thermal reser-

voir at temperature ◁ “ 1{kBT . Dissipation and noise are related through the Fluctua-

tion–Dissipation Theorem:

Erϑptqϑpsqs “ ω◁´1
7pt ´ sq

and, introducing the momentum pt “ 9qt, the evolution decouples as:

dqt “ ptdt, dpt “ ´→ωpqtq dt ´ ωpt dt ` ϑ dBt

that is, a process with the generator

L “ LH ` ω
`
´p→p ` ◁

´1%p

˘

which is itself decoupled in a #rst-order di”erential operator LH i.e. the Liouvillian corre-

sponding to the Hamiltonian

Hpp, qq “ 1

2
|p|2 ` ωpqq,

plus a second-order di”usive kernel.

Assuming a smooth con#ning potential ω P F pR2dq, this generator induces an (ergodic)

Markov process with (unique) stationary distribution given by the Boltzmann:

6Bpp, qq “ 1

Z
e

´βHpp,qq
, Z “

!

R2d

e
´βHpp,qq dp dq.

Again, we can consider the overdamped limit:

dut “ ´ 1

ω
→ωputq dt ` ϑ

ω
dBt,

§
Langevin’s original proposal (C. R. Acad. Sci. Paris., 1908) for an equation governing the di”usion of a particle
under Brownian motion: 9v “ ´ωv ` ωptq was inspired by Einstein’s studies of the phenomenon and had an
evident ‘viscosity !avor’, with the correlation requirement: xωiptqωjpsqy “ ϑ2εpt ´ sq.
For our treatment, see [Pav14, Sect. 6.1].
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recovering exactly (GF) as kB Ó 0. This is particularly interesting since imposing detailed

balance, i.e. stationary in (KBE): L 6 “ 0, we get that any stationary distribution 6must obey

2µ “ → log 6, with unitary volatility, so the overdamped Langevin dynamics with potential

ωpuq “ ´½ log 6puq induces a π-invariant di”usion process ‡, and we can think of it as a

‘gradient-!ow plus noise’ which de#nes a canonical stochastic process used to draw samples

from 6. The former equation can be formulated as a GENERIC system under !uctuations, with

entropy ω “ S and Hamiltonian

H “ 1

2
|p|2 ` S

for state variables pq, p, Sq P R3, and generators

L “

¨

˚̊
˝

0 1 0

´1 0 0

0 0 0

˛

‹‹‚, K “

¨

˚̊
˝

0 0 0

0 1{2 ´p{2
0 ´p{2 p

2{2

˛

‹‹‚, ) “

¨

˚̊
˝

0

1

´p

˛

‹‹‚.

A GFINN-simulation of its di”using trajectories can be found in [ZSE22].

‡
In fact, the stationary distribution for the inertial regime is the Boltzmann, which maximizes entropy. As ω
grows, our system undergoes di”usion: the gap in the expression (Ent) loosens up and the invariant distribution
diverges from the Boltzmann.
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APPENDIX A

C+,&’5 $,$*8”!”

Given a function f : dompfq !Ñ R, wewant to#nd a (possibly constrained, i.e. dompfq * Rd)

minimum point. If the function is smooth, we can simply start from any point and look at

the negative gradient !ow: once discretized, this is the “gradient descent” algorithm, which

typically leads us to a local minimum point. Convexity ‡ upgrades local properties to global

ones: in a convex setting, gradient descent always converges to a global minimum point, with

some theoretical guarantees on the speed of convergence. Moreover, the usual optimality

conditions which are necessarily satis#ed by a (local or global) minimum point turn out to be

also su%cient (also in the constrained case) for convex functions.

1. C+,&’5 4-,3%!+,”

D’4!,!%!+, 1.1. Given a nonempty convex set dompfq # Rd, we say that a function f :

dompfq !Ñ R is convex if

fpp1 ´ εqp ` εqq “ εfppq ` p1 ´ εqfpqq

for all p, q P dompfq and ε P r0, 1s.

It follows easily that f P C
2pdompfqq is convex if and only if →f : dompfq !Ñ Rd is mono-

tone, in the sense that

x→fpaq ´ →fpbq, a ´ by % 0 for all a, b P dompfq

and the Hessian →2
f is positive semide#nite at all points. Also notice that every convex

function is locally Lipschitz (and, in particular, continuous) on the interior of its domain.

‡
Here, the reference must be [HL04].
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Another equivalent formulation of convexity is that the epigraph

epipfq ” tpx, tq P Rd ˆ R : x P dompfq, t % fpxqu

is a convex set in Rd ˆ R. If instead the epigraph of our function is closed, we say that the

function is lower semicontinuous. Hence, if f is both convex and lower semicontinuous, namely

its epigraph is closed and convex, it turns out that it can bewritten as the supremum of a family

of a%ne functions. This is a necessary and su%cient condition, and counterexamples can be

found for both only-convex and only-semicontinuous functions. Assume now that we have

an a%ne function , : Rn Ñ R, of the form ,pxq “ xϑ, xy ` a for some ϑ P Rn and a P R, with
, $ f at every point.

2. L’2’,10’ %0$,”4+0)

We can then “optimize” the value of a: namely, we can replace it with the highest value such

that the inequality xϑ, xy ` a $ fpxq still holds for all x P Rn. The latter is the same as

a $ fpxq ´ xϑ, xy for all x P Rn

the highest value of a such that this holds is precisely the in#mum of fpxq ´ xϑ, xy. In other

words, letting

aφ ” inf
xPRn

“
fpxq ´ xϑ, xy

‰
,

we have that f is convex and lower semicontinuous if and only if

fpxq “ sup
φ

txϑ, xy ` aφu for all x P Rd
.

Note that we have aφ “ `8, for some ϑ P Rd, if and only if fpxq “ `8 for all ϑ P Rd, i.e.,

f ” `8. So, for the sake of regularity, we say that f : dompfq !Ñ R8 ” RY t`8u is proper
if f ı `8.

D’4!,!%!+, 2.1. The Fenchel–Legendre–Moreau transform f
˚, called the convex conjugate, of f

is given by the transformation

f rϑs “ f
˚pϑq ” sup

φ

txϑ, xy ´ fpxqu.
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The formula

fpxq “ sup
φPRn

txϑ, xy ´ f
˚pϑqu

is in a sense analogous to reconstructing a function from its Fourier transform: in that context,

a function is written as a “linear combination of pure waves” expp2πi xϑ, xyq (indexed by the

frequency ϑ) which are viewed as the fundamental building blocks; the Fourier transform f̂pϑq
gives the (in#nitesimal) coe%cient to be put in front of expp2πi xϑ, xyq. In this context, the

building blocks are a%ne functions of slope ϑ, the convex conjugate f
˚pϑq gives (negative)

the intercept, and the way we combine them is by taking a supremum, rather than a linear

combination.

3. S-:20$1!’,%”

Looking at the Fenchel inequality

f
˚pϑq % xϑ, xy ´ fpxq

it follows very naturally to consider the set of all slopes such that the previous inequality holds

true, as this would allow for a (lower) extension of the concept of derivative.

D’4!,!%!+, 3.1. Given x0 P dompfq, the subdi$erential of f at x0 is the set

Bfpx0q “ tϑ P Rd : fpxq % fpx0q ´ xϑ, x ´ x0y for all x P dompfqu.

From the de#nition of subdi”erential, we have 0 P Bfpx0q if and only if x0 is a global minimum

point, hence, for a convex function, local minimum points are automatically global minimum

points.

F’,3/’* +#%!)$*!%8 3+,1!%!+,. If f : dompfq !Ñ R is proper, lower semi-continuous

and convex, then,

xϑ, xy “ fpxq ` f
˚pϑq )ñ ϑ P Bfpxq

for all x, y P dompfq.
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P0++4. Since xϑ, xy $ fpxq ` f
˚pϑq,

xϑ, zy “ fpxq ` f
˚pϑq )ñ xϑ, xy % fpxq ` f

˚pϑq
(2.1))ñ xϑ, xy % fpxq ` xϑ, x0y ´ fpx0q @x0 P dompfq

)ñ fpx0q % fpxq ` xϑ, x0 ´ xy @x0 P dompfq
(3.1))ñ ϑ P Bfpxq

for all x, ϑ P dompfq.

The subdi”erential is moreover always convex and closed (possibly empty), it is, additionally,

compact if taken at a point in the interior of the domain. In such situation, it can thus be a

singleton, but that would correspond to the smooth case:

Bfpx0q “ t→fpx0qu.

As a further consequence of compactness, we have the following convergence result:

xn !Ñ x P dompfq and ϑn !Ñ ϑ with each ϑn P Bfpxnq, then ϑ P Bfpxq. (ÑB)

E5$)#*’. Consider the convex function µpxq ” |x|, de#ned on Rd, which is di”erentiable on

Rdzt0u, so that

Bµpxq “
"

x

|x|

*
for all x ‰ 0

and, by (ÑB), all unit vectors belong to Bµp0q. Moreover,

ϑ P Bµp0q ùñ @x P Rd : |x| % xϑ, xy hence |ϑ| % |ϑ|2 i.e. |ϑ| $ 1

so Bµp0q “ D.
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APPENDIX B

S+:+*’& ”#$3’”

When we take subgradient !ows, we are considering the subdi”erential of a functional, be-

cause the actual input of the potential are the trajectories ut. So we would like to have a

functional analytic framework where all the precise and delicate apparatus of convex analysis

can be conveniently extended.

1. W’$6 1’0!&$%!&’”

Let u P C
1p”q, φ P C

8p”q with compact support in the region ” # Rd, then integration by

parts yields !

”

u
Bφ
Bxi

dx “ ´
!

”

Bu
Bxi

φ dx, i “ 1, . . . , d

and there are no boundary terms because φ is compactly supported and vanishes near B”.
This motivates our de#nition for a generalized derivative.

D’4!,!%!+, 1.1. Let u, 2 P L
pp”q, then 2 is the weak derivative of u if

!

”

u
Bφ
Bxi

dx “ ´
!

”

2i φ dx, i “ 1, . . . , d

for all compactly-supported φ P C
8p”q.

E5$)#*’. Integrating by parts on RdzB⇀p0q and taking the limit ⇀ Ó 0 to make the boundary

contributions vanish, the modulus µpxq ” |x| has 2pxq “ signpxq as weak derivative

The Sobolev space W
1,pp”q consists of all summable functions u P L

pp”q that are square-

integrable along with their (#rst) weak derivatives. The de#nition of the most general Sobolev

space Wk,pp”q allows for the existence of higher (up to the kth) order weak derivatives, but

this is beyond our scope. We are instead interested in square-integrable weak derivatives of

smooth curves ut : r0, T s !Ñ X, and Def. 1.1 can be easily (pointwise) generalized to vector

valued function if X “ Rd, in which case we work with W
1,2pr0, T s; Rdq, or, if X “ M is
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a di”erentiable manifold by considering W
1,2pr0, T s; Mq as the collection of curves whose

coordinate representations belong toW
1,2pr0, T s; Rmq.

2. W’$6 3+,&’02’,3’

W
1,2p”q is a Hilbert space when equipped with the inner product

xu, ũy1,2 “
!

”

u ũ `
dÿ

i“1

!

”

2i 2̃i

justi#ed by the norm

}u}1,2 “
˜!

”

|u|2 `
dÿ

i“1

!

”

|2i|2
¸½

it induces, which is well-de#ned because everything is square-integrable. For curves ut,

}u}1,2 “
ˆ!

T

0

gp2t, 2tqut
dt

˙½

where g is the Riemannian metric. Actually, contrarily to the de#nition we gave, geodesics

are de#ned as the curves that minimize the Energy functional Epuq “ ½}u}1,2. The Hilber-
tian characterization is very powerful, because in#nitely-many dimensions allow sequences of

functions to have limit points even when norm convergence fails. Indeed, in a general Hilbert

space H, we say that pxnqn ( H converges weakly to x P H if

@y P H : lim
nÒ8

xxn, yy “ xx, yy

D’4!,!%!+, 2.1. A sequence un in W
1,2 is said to weakly converge:

un !á u in W
1,2
,

if un !áL2 u and 2n !áL2 2, or, equivalently, if

xun, φy1,2 !Ñ xu, φy1,2

for any compactly-supported φ.
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A simple example in W
1,2pRq is

unpxq “ sinpnxq
n

,

in fact, un !á 0 since
!

R
unφ dx “ ´ 1

n2

!

R
cospnxq 9φ dx !Ñ 0,

but it does not converge strongly because } 9un}L2 “ 1{
?
2.

Now we are ready to weaken (ÑB), once again, following [Mie23].

D’4!,!%!+, 2.2. A functional f : dompfq !Ñ R has a (strong-weak) energy closed subdi$eren-

tial if

xn !Ñ x and ϑn !á ϑ with each ϑn P Bfpxnq, then ϑ P Bfpxq.

Again con#rming how powerful it is, the class of ε-convex functions always admits energy

closed subdi”erentials.

L’))$ 2.3. If f : dompfq !Ñ R8 is ε-convex, then for all u P dompfq:

ϑ P Bfpuq )ñ @w P dompfq : fpwq % fpuq ` xϑ, w ´ uy ` ε

2
|w ´ u|2.

P0+#+”!%!+, 2.4. If ω : dompωq !Ñ R8 is proper, lower semicontinuous, and ε-convex, then

its subdi”erential is (strong-weak) energy closed.

P0++4. If xn !Ñ x and ϑn !á ϑ with each ϑn P Bfpxnq, by the Lemma we have, for all

n P N and all w P dompωq, the estimate

ωpwq % ωpunq ` xϑn, w ´ uny ` ε

2
|w ´ un|2

where we can pass to the limit n Ò `8, using lower semicontinuity, the weak-strong conti-

nuity of the inner product and the strong continuity of the norm we #nd the desired charac-

terization (Lemma 2.3) of ϑ P Bωpuq.
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APPENDIX C

D!44’0’,%!$* 4+0)”

Finally, let us introduce the basic di”erential geometric tools needed to do calculus in the

general setting of manifolds, with the standard notation of [Lee12]. We will take as a motiva-

tion our early remark about the curl-free characterization of gradient !ows, with the aim of

obtaining concepts like being irrotational or conservative, without making reference to any

additional (Riemannian or Poissonian) structure whatsoever.

Recall the concepts introduced in Ch. I, 2.1, and consider the dual space T˚
p
M of the tangent

space, the cotangent space of covectors ⇁ “ ⇁idxi (using Einstein’s summation convention),

where tdxium
i“1 is used to denote the dual basis of the tangent space.

1. P-**:$36

The di”erential, of a smooth map F : M !Ñ N between smooth manifolds, yields a dual

linear map

DF ˚
p
: T˚

F ppqN !Ñ T˚
p
M

called pullback and, for each tangent vector v P T˚
p
M and covector ⇁ P T˚

F ppqN , de#ned by:

DF ˚
p

p⇁qrvs ” ⇁pDFppvqq.

Similarly to vector #eld, we can de#ne covector #elds ⇁ on the cotangent bundle T˚M, and

their pullback by a smooth function F :

F
˚
p
⇁ “ DF ˚

p
p⇁F ppqq.

To generalize all of this concepts to higher dimensions, we call a k-tensor the real-valued

multilinear function

▷p : TpM ˆ . . . ˆ TpMloooooooooomoooooooooon
k copies

!Ñ R
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so that, for instance, if k “ 2, ▷ is just a bilinear form such as a dot product. We denote by

TkpT˚
p
Mq the set of k-tensors, as it can be thought as the tensor product

Â
k
T˚
p
M of k copies

of the cotangent space. If F : M !Ñ N is smooth and ▷ P TkpT˚
F ppqN q, its pullback is the

tensor F ˚
p

p▷q P TkpT˚
p
Mq given by:

F
˚
p

p▷qrv1, . . . , vks “ ▷pDFppv1q, . . . ,DFppvkqq (i)

for any v1, . . . , vk P TpM.

2. T’,”+0”

In analogy with vector #elds, we can de#ne tensor #elds as sections of the bundle

TkpT˚Mq “
"

pPM
TkpT˚

p
Mq.

Alternating, i.e. vanishing for linearly dependent arguments, covariant k-tensor #elds are

called (di$erential) k-forms. While symmetric 2-tensors provide a manifold with a Riemannian

metric that allows to measure distances, angles, calculate norms, and de#ne concepts like

curvature, di”erential forms can be thought of as assigning to k-dimensional submanifolds.

For instance, the easiest example of multilinear alternating map is the determinant onRd, that

exactly measures the n-dimensional change in volume of a given linear function. Also, an

alternating 1-tensor #eld, is a covector #eld on the manifold, which assigns a number to each

tangent vector: it assigns a length to each one-dimensional subspace of each tangent space

(how “far” along some direction a vector goes, rather than the vector’s full magnitude, which

is a Riemannian “business”). To mimic, and generalize, the behavior of the determinant, let us

introduce the operation that alternates any k-tensor whatsoever:

Altp▷q “ 1

k!

ÿ

0PSk
sgnp4q▷ ˝ 4

where Sk is the symmetric groups of permutations on k elements. In R3, the magnitude of

the cross product áv1 ˆ áv2 of any two vectors áv1, áv2 P R3 is the (bidimensional) area of the

parallelogram formed by the vectors, because indeed: detpáv1, áv2,áwq “ xáv1 ˆ áv2,áwy. This

concept generalizes, beyond dimension three, to the exterior product of a k-form ⇁ with an
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,-form φ:

⇁ ^ φ “ Altp⇁ b ◁q

which is a k ` ,-form, where the tensor product is the multilinear function

⇁1 b ¨ ¨ ¨ b ⇁kpv1, . . . , vkq ” ⇁1pv1q . . .⇁kpvkq

i.e.,

p⇁ ^ φqpv1, . . . , vk`↽q “ 1

k!,!

ÿ

0PSk`ϖ

sgnp4q⇁pv0p1q, . . . , v0pkqq φpv0pk`1q, . . . , v0pk`↽qq. (ii)

For example, if ⇁ and φ are both 1-forms, then p⇁ ^ φqpv1, v2q “ ⇁pv1qφpv2q ´ ⇁pv2qφpv1q.

N$%-0$*!%8 +4 %/’ ’5%’0!+0 #0+1-3%. For any smooth function F : M !Ñ N ,

F
˚p⇁ ^ φq “ pF ˚

⇁q ^ pF ˚
φq (nat^)

i.e., the pullback of a smooth function distributes over the wedge product.

P0++4. At any point p P M,

F
˚
p

p⇁ ^ φqrvnsk`↽

n“1
(i)“ p⇁ ^ φqF ppq

`
DFppv1q, . . . ,DFppvk`↽q

˘
“ p⇁ ^ φqF ppq

`
DFppvnq

˘
k`↽

n“1

(ii)“ 1

k! ,!

ÿ

0PSk`ϖ

sgnp4q⇁F ppq
`
DFppv0pnqq

˘
k

n“1
φF ppq

`
DFppv0pnqq

˘
k`↽

n“k`1

(i)“ 1

k! ,!

ÿ

0PSk`ϖ

sgnp4qF ˚
p

p⇁qrv0p1q, . . . , v0pkq
‰
F

˚
p

pφqrv0pk`1q, . . . , v0pk`↽qs

(ii)“
`
F

˚
⇁ ^ F

˚
φ

˘
p
pv1, . . . , vk`↽q

for any collection of tangent vectors v1, . . . , vk`↽ P TpM.

3. E5%’0!+0 1!44’0’,%!$%!+,

A smooth covector #eld ⇁ is said to be conservative if there exists a potential f P F pMq s.t.
⇁ “ Df , that is, in coordinates:

⇁i “ Bf
Bxi

hence
B⇁j

Bxi
“ B⇁i

Bxj
,
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we will say that ⇁ is closed if it satis#es this last condition and de#ne the exterior derivative to

be the 2-form

d⇁ “
ÿ

i#j

ˆB⇁j

Bxi
´ B⇁i

Bxj

˙
dxi ^ ¨ ¨ ¨ ^ dxi

that vanishes exactly when ⇁ is closed. Similarly, d⇁ will be a pk ` 1q-form if ⇁ is a k-form,

and it is closed if d⇁ “ 0. Notice that

d2 “ d ˝ d ” 0

and thus any exact form is closed. The converse implication is only true locally, or under

su%cient conditions #rst established by Poincaré.

P+!,3$0’́ *’))$. A closed di”erential k-form ⇁, on a contractible region ” ofM, is exact.

The intuition for a space being contractible is that it can be “deformed in a continuous way”

to a single point and thus its kth de Rham cohomology group

H
kp”q “ ker d

im d

is trivial, and this is actually the result Poincaré proved using his celebrated lemma andwhywe

still refer to it as such. For 1-forms, contractibility is indeed equivalent to the di”erential form

being supported on a simply connected domain, as we need only to look to H
1p”q and check

that it is trivial: that is, its group rank, which we call the #rst Betti number, is zero. In higher

dimensions, i.e. for a k-form with k & 1, this is true over regions with “no k-dimensional

holes”.

However, here the catch is that when a di”erential form is exact, then its integral is indepen-

dent of the path chosen: say ⇁ “ dφ, then
!

”

⇁
Stokes“

!

B”
d⇁ “

!

B”
d2φ ” 0,

and we have thus, #nally, provided a full justi#cation for our very early remark on the charac-

terization of gradient !ows as closed forms. For deeper implications in topology, see [Ful97],

and in geometry, notice how the de#nition of exterior derivative of a di”erential form is a

measure of how much suitable generalizations of (GFC) “fail”.
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Removing topological assumptions, it is very easy to construct, for instance, (scalar) curl-free

vector #elds that serve as a counterexample for punctured, not simply connected, domains,

such as the vortex

V px, yq “ 1

2πpx2 ` y2qp´y, xq, px, yq P R2
˚ ” R2zt0u,

which is not conservative because

0 ‰
¿

BD

V “
! 2◁

0

sin2
t ` cos2 t

2π
dt “ 1

and this is the most basic rotational non-conservative component on the punctured plane R2
˚,

because any other irrotational vector #eld F can be Helmholtz-decomposed as follows:

F “ aV ` →ω, a P R, ω P C
2pR2

˚q,

namely, curl-free vector #elds on the punctured plane are gradients up to a one-degree-of-

freedom error term. If we “add more holes”, say the #rst Betti number of ” is n, then any

curl-free vector #eld F has the decomposition

F “
nÿ

k“1

akVi ` →ω, for each hole px˚
, y

˚q, Vipx, yq ” ppx ´ x
˚q, py ´ y

˚qq
2πppx ´ x˚q2 ` py ´ y˚q2q .

3.1 GENERIC !”#$%&’ 4+0)$*!”)

Given any map f P F pMq, then df P T˚M is a one-form and, supposing our manifold is

endowed with some non-degenerate bilinear form B : TM ˆ TM !Ñ R on the tangent

bundle, we can consider the so-called musical isomorpshism 7 : T˚M !Ñ TM of bundles

sending any covector ⇁ to the unique vector ⇁7
B
such that Bp⇁7

B
, Xq “ ⇁pXq for any tangent

X P TM. In the respective cases in which B “ g is a Riemannian metric, then pdfq7
g
cor-

responds precisely to (7g), and when B “ ” is the symplectic form, then pdfq7
” is precisely

equivalent to the “symplectic gradient”Xf “ t¨, fu as in (H ). Thus we can, rather obscurely,

rewrite (GENERIC) as:
d

dt
ut “ pdHq7

”ut ´ pdωq7
g
ut

and (‹): 0 “ pdHq7
g

“ pdωq7
” P Tut

M.
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4. O0!’,%$%!+,

If the manifold is d-dimensional, any non-vanishing d-form determines a unique orientation

as follows: to each TpM the set of ordered bases E1, . . . , En such that ⇁pE1, . . . , Enq & 0

gives the pointwise orientation and, because in coordinates ⇁ “ f dx1 ^ ¨ ¨ ¨ ^ dxn for a non-

vanishing f P F pMq, every pointwise orientation can be chosen to be positive, hence it is

continuous. If F : M !Ñ N is a local di”eomorphism andN is oriented by the form ⇁, then

F
˚
⇁ is an orientation form for N .

69



APPENDIX D

L$20$,2!$, $,1 H$)!*%+,!$, 4+0)$*!”)” +4 )’3/$,!3”

Since we are assuming the Principle of Least Action together with Netwon’s equations from

the very start of our treatment, it would be nice for the Hamiltonian formalism of mechanics,

depicted in Chapter II, to be coherent with such axioms. One of the advantages of working

with some con#guration manifold, in mechanics coordinatized by pq1, . . . , qnq, is that we get
a convenient geometric description of the phase space in the cotangent bundle T˚M with

induced local coordinates pq1, . . . , qn, p1, . . . , pnq. In fact, pdq1, . . . , dqnq is a basis of each

T˚
q
M, and thus, writing each covector ⇁ P T˚M as the linear combination ⇁ “ pidqi

‡, the

(momentum) phase space has the “intrinsic” symplectic form

”̂ “ dqi ^ dpi,

which we shall call Poincaré form on the cotangent bundle. [MR13, Ch. 6]

1. E-*’0(L$20$,2’ ’9-$%!+,”

The Lagrangian formulation of classical mechanics is instead naturally rooted in the (velocity)

phase space TM Q pq1, . . . , qn, 9q1, . . . , 9qnq of a con#guration space, o$en pointwise endowed

with a Riemannian metric gijpqq expressing some quadratic kinetic energy on each TqM. The

bulk of Lagrange’s approach is to introduce the momentum as follows:

p “ BL
B 9q

for some Lagrangian L P F pTMq given by:

Lpq, 9qq “ 1

2
m| 9q|2 ´ V pqq “ 1

2
gijpqq 9qi 9qj ´ V pqq.

‡
The fact that coordinates live on the underlying manifold and the momenta live up in the cotangent bundle is
why these are conventionally and conveniently (for Einstein’s notation) written with upper and lower indexes.
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Hence, we ought to minimize the action

Jpqq “
!

ς

p dq

among paths ↼ on M with #xed endpoints. Suppose it attains a local minimum at q, then

Jpqq $ Jpq ` 7qq for any variation 7q and thus imposing stationarity:

0 “ 7J “ 7

!

ς

Lpqi, 9qiq

(chain rule) “
!

ς

ˆ BL
Bqi 7q

i ` BL
B 9qi

d

dt
7q

i

˙
dt

(bd. cond.) “
!

ς

ˆ BL
Bqi ´ d

dt

ˆ BL
B 9qi

˙˙
7q

i

i.e. we get the so-called Euler-Lagrange equations:

BL
Bqi ´ d

dt

ˆ BL
B 9qi

˙
“ 0.

These are the equivalent of (GFC) in Netwonian mechanics and (H ) in Hamiltonian mechan-

ics. Under conditions described in Appendix A, these are solved by trajectories qptqminimizing

the given action functional and they generate some dissipative “Lagrangian !ow” involving

the Riemannian metric: because each momentum

pi “ B
B 9qi

ˆ
1

2
gjkpqq 9qj 9qk

˙
“ 1

2

`
gjkpqq7j

i
9qk ` gjk 9qj7k

i

˘
“ gijpqq 9qj

i.e., in terms of musical isomorphism, 9q “ p
7
g
and the Euler–Lagrange equations become:

0 “ d

dt

ˆ BL
B 9qi

˙
´ BL

Bqi

“ d

dt

`
gijpqq 9qj

˘
´ 1

2

Bgjk
Bqi 9qj 9qk ` BV

Bqi

´BV
Bqi “ gij :qj `

ˆBgij
Bqk ´ 1

2

Bgjk
Bqi

˙
9qj 9qk

which, using the Christo$el symbols

&k

ij
“ 1

2
g
k↽

ˆBg↽i
Bqj ` Bg↽j

Bqi ´ Bgij
Bq↽

˙
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of the metric g, can be rearranged to give:

:qi ` &i

jk
pqq 9qj 9qk “ ´g

ij
BV
Bqj

where g
ij is to be intended as the inverse of the metric or the 7 isomorphism: gijgij ” 7

j

i
.

What we get at the end is the so-called geodesic !ow equation

:qi ` &i

jk
9qj 9qk “ 0

which admits as solutions exactly the geodesics of the manifold M. When V ‰ 0 the system

just feels a force ´dV 7
g
and we have thus shown that, assuming the Least Action Principle,

(free) motion is restricted along geodesics!

It is striking that, solely by choosing as ambient space the tangent bundle, the Lagrangian

formulation of mechanics we get fully describes how a particle moves “straight” (inertially) in

curved space, following the gradient !ow of the potential, and thus the dissipative dynamics of

GENERIC, while the other half of the dynamics, the Hamiltonian formulation’s conservative

one, is relegated to the cotangent bundle. Additionally, convex analysis provides us with the

optimal tool to pass from one to the other anytime we want.

2. F!:’0 1’0!&$%!&’”

Suppose we start with some Lagrangian L P F pTMq, then we can move to the cotangent

bundle by means of the map FL : TM !Ñ T˚M, given by:

FLpvqrws “ d

ds
Lpv ` swq

ˇ̌
ˇ̌
s“0

v, w P TqM

representing the directional derivative of the Lagrangian along the #ber TqM, which gets

mapped to its dual #ber TqM. In coordinates,

FLpqi, 9qiq “
ˆ
q
i
,

BL
B 9qi

˙
.

Notice that now is rather natural to de#ne the action as the map J P F pTMq given by:

Jpvq “ FLpvqrvs, v P TqM
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so that the energy functional associated to our Lagrangian

Epvq “ Jpvq ´ Lpvq “ FLpvqrvs ´ Lpvq

is its Legendre transform!

In coordinates,

Jpqi, 9qiq “ 9qi BL
B 9qi

“ pi 9qi, Epqi, 9qiq “ pi 9qi ´ Lpqi, 9qiq.

Now, similarly to the natural symplectic formwith which we can endow the cotangent bundle,

which is the arena where Hamiltonian dyanmics rules, there is also a straightforward way to

“li$” the Riemannianmetric on the con#gurationM to its velocity phase space TM, by means

of the so-called Sasaki metric [Sas58], which in local !at coordinates is given by:

ĝ ” gijpqqdqi b dqi ` gijpqq→i 9qi b →j 9qi,

for the covariant derivative

→k 9qk ” d 9qk ` &k

ij
9qi dqj,

measuring how the velocity changes covariantly while moving along the base manifold, so

that, intuitively, the Sasaki metric separates horizontal and vertical component inside the tan-

gent bundle. This allows us to de#ne some Lagrangian vector #eld as the actual gradient !ow

XE ” pdEq7
ĝ

P XpTMq.

Let us now instead consider the so-called Lagrange two-form [AM08, Def. 3.5.5]

”L ” pFLq˚ ”̂

associated to the LagrangianL P F pTMq as the form induced by the pullback of the canonical

symplectic form on T˚M via its #ber derivative FL : TM !Ñ T˚M. In coordinates:

”L “ pFLq˚ ”̂ “ pFLq˚ pdqi ^ dpiq (nat^)“ pFLq˚ dqi ^ pFLq˚ dpi “ dqi ^ d
ˆ BL

B 9qi

˙
.

L’))$ 2.1. The Lagrange two-form ”L is closed.

P0++4. d”L ” d pFLq˚ ”̂
(nat^)“ pFLq˚ d”̂ “ 0, because ”̂ is symplectic.

73



By the inverse function theorem, assuming the Lagrangian L is enough regular so that FL
is a local di”eomorphism, then the Lagrange two-form is a symplectic form on TM. With a

global assumption, we can build the desired bridge between the Lagrangian and Hamiltonian

formalisms.

T/’+0’) 2.2. IfL is a Lagrangian such that its #ber derivativeFL is a (global) di”eomorphism

then FL : pTM,”Lq !Ñ pT˚M, ”̂q is a symplectomorphism.

Consider now the inverse F 7L : T˚M !Ñ TM of the Legendre transform FL, given by:

F 7Lpq, pq ” pq, p7
g
q

and de#ne the Hamiltonian as the pullback of the energy via this inverse Legendre transform:

Hpq, pq “ pF 7Lq˚
Epq, 9qq

meaning that we take as Hamiltonian the unique map H P F pT˚Mq such that the following

diagram commutes:
TM T˚M

R

FL

E

H

so H is the pushforward of the Lagrangian energy through the symplectomorphism FL:

H : pq, pq P T˚M F7L"!Ñ pq, 9qq “ pq, p7
g
q P TM E"!Ñ Epq, 9qq P R.

Let us now restrict to the purely kinetic case:

Lpq, 9qq “ 1

2
gqp 9q, 9qq

so that we can reinterpret the Lagrangian vector #eld

XE “ pdEq7
ĝ

” pdEq7
”L

as a symplectic vector #eld§.

§
This does not hold in general, and corresponds to the assumption that the Sasaki metric ĝ and the Lagrange
symplectic form !L endow TM with a Kähler structure.
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C+0+**$08 2.3. The integral curves of XE “ pdEq7
”L

P XpTMq are mapped by FL onto the

integral curves of XH “ pdHq7
”̂

P XpTMq.

P0++4. Because by (nat^) and the de#nition of H via the Legendre transform

dE “ pFLq˚dH (E˚H)

for any v P TM and v
˚ “ DFLpvqrws with w P TvTM we have that

”̂pDFLpXEpvqq, v˚q “ ”LpXEpvq, wq “ dEpvqrws

“ dpFLq˚pvqrws (E˚H)“ dHpFLpvqqrv˚s

“ ”̂pXHpFLpvqq, v˚q.

This proves that the following diagram commutes:

TM T˚M

TTM TT˚M

FL

XE XH

DFL

i.e.

DFLpXEpvqq “ XHpFLpvqq @v P TM

which is the desired claim, as it implies that DFLpXEq “ XH .

Hence, the dynamics on TM and T˚M describe the same physical system, the Legendre trans-

form acts as a coordinate change between the tangent and cotangent bundles and, because

FL P Spp2nq, it maps solutions of the Euler–Lagrange equations ‡ to solutions of Hamilton’s

equations.

3. T/’ L$20$,2’–1’A*’):’0% P0!,3!#*’

Now, suppose having amechanical systemwith a LagrangianL and an exterior force one-form

φ acting on it. The dissipation induced by the external environment via φ is exactly the type

of behavior we would like to model using GENERIC. Before the introduction of Öttinger’s

‡
Or, equivalently, in the kinetic energy case, solutions to the Sasaki-gradient and geodesic !ow equations.
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framework, the most general proposal of dynamics for such a system was given by vector

#elds of the following form:

X “ pdE ´ φq7
”L

which has a striking similarity to our musical reformulation of GENERIC. [MR13, Sect. 7.8]

The limitation of this symplectic formulation is that it lacks a Riemannian metric g or, rather,

that the choice of g cannot be made arbitrary: as before, through a Legendre transform, the

only gradient !ow we can model is the one associated to geodesic motion. This rough princi-

ple’s power in modelling dissipative Lagrangian systems can be strengthened by considering

associated Rayleigh dissipation potentials and it serves as a formal justi#cations for intro-

ducing the latters in the context of gradient !ows. The crucial observation is that the La-

grange–d’Alembert Principle is equivalent to the Euler-Lagrange equations

d

dt

ˆBL
B 9q

˙
´ BL

Bq “ ´φpq, 9qq

and, in particular, we say that φ is a dissipative form if:

dEpφ7q $ 0

in which case it induces the force #eld F : TM !Ñ T˚M given by:

F pvqrφs “ ´”Lpφ7pvq, Vvq, v ” dq

dt

and where Vv P TvTM such that DVv “ φ.

E5$)#*’ ([MR13]). Consider a Riemannian manifold M and a potential ω : M !Ñ R such

that φ “ ´dω is dissipative, then the Lagrange-d’Alembert principle for the kinetic energy

K with external forces given by the one-form φ produces the same dynamics as the standard

kinetic minus potential Lagrangian.

In this context, a dissipation potential is a function R : TM !Ñ R such that the force #eld F

is the #ber derivative of ´R. As a consequence, the Euler–Lagrange equations with forcing

become
d

dt

ˆ BL
B 9qi

˙
´ BL

Bqi “ ´BR
B 9qi

.

We get a dissipative system exactly when →2
Rpq, vqrvs & 0.
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R’)$06 ([MR13]). If R is linear in the #ber variable, the Rayleigh dissipation potential takes

on the classical form Rqpvqrvs, where Rq : TM !Ñ T˚M is a bundle map over the identity

that de#nes a symmetric positive de#nite form on each #ber of TM.

Luckily enough, we #nd that under the !ow of the Euler–Lagrange equations with forcing of

Rayleigh dissipation type, we have

d

dt
Epq, vq “ F pvqrvs “ ´FRpq, vqrvs ’ 0

that is, energy dissipation. Namely, we get a satisfactorymodel of irreversible dynamics within

a symplectic framework.
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APPENDIX E

N’-0$* N’%.+06”

Here, we would like to brie!y explain why it is a good idea to approximate dynamical systems

using neural networks, following [Ber+21].

1. U,!&’0”$* $##0+5!)$%+0”

Neural networks are conceived to solve classi#cation tasks. Consider the following model for

an arti#cial neuron: some input vector x is weighted by the conductivity-weights vectorw, this

voltage xw, xy of the soma is compared to some threshold bias b. If it exceeds the threshold,

the neuron is active and it #res:

y “ 4pxw, xy ` bq

for some activation function 4 : R !Ñ R, and this is the so-called perceptron model. In the

original proposal by McCulloch and Pitts, 4 is chosen to be the Heaviside step function, so that

a binary output is obtained; lately, smooth versions (of very dense around 1 and -1 functions)

were preferred: most famously, the sigmoid

4pxq “ 1

1 ` e´x
.

Through training, the parameters w, b can be #ne-tuned so that the perceptron can shatter

any linear classi#cation task, namely, if the convex hulls of datapoints corresponding to dif-

ferent labels are separable by means of some hyperplane. If this is not the case, we could in

principle implement a layered architecture, in which the input is sent to an array of di”erent

perceptrons, whose output is then collected and sent to an output perceptron.
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D’4!,!%!+, 1.1. Let K ( Rd be compact, then a continuous function 4 : R !Ñ R is said to

be discriminatory if the only signed measure µ on K such that
!

K

4pxw, xy ` bq dµpxq “ 0 for all w P Rd
, b P R

is the zero measure µ ” 0.

E5$)#*’. Any sigmoidal function 5, i.e. one that, for blowing-up weights:

5pxw, xy ` bq !Ñ p8p0,`8q ` 5pbq8t0uqpxq,

is discriminatory. In fact, by superposition, in the limit:
!

K

8ra,bspxw, xy ` bq dµpxq “ 0

and since we can uniformly approximate the exponential function: x "!Ñ e
´2◁ix by linear

combinations of indicator functions 8ra,bs, we obtain:
!

K

e
´2◁ipxw,xy`bq dµpxq “ 0

namely, the Fourier transform of µ vanishes and hence µ ” 0.

Precisely, we speak of a 1-hidden-layer neural network to mean a map f : K !Ñ R of the

form

fpxq “
hÿ

j“1

cj4pxwpjq
, xy ` b

pjqq

for a collection of vectors wpjq P Rd, biases bpjq, j “ 1, . . . , h, and coe%cients c P Rh. Luckily,

the solution of a layered architecture is mathematically sound, thanks to the following result.

U,!&’0”$* A##0+5!)$%!+, T/’+0’). For any continuous function g : K !Ñ R, discrim-

inatory 4 : R !Ñ R and any ⇀ & 0, there exists a 1-hidden-layer network f : K !Ñ R, with
activation functions 4, such that

sup
xPK

|fpxq ´ gpxq| ’ ⇀. (UAT)
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P0++4. Technically, we would like to prove that the set

F :“
#
fpxq “

hÿ

j“1

cj 4pwpjq ¨ x ` b
pjqq

ˇ̌
ˇ̌
ˇ h P N, cj P R, wpjq P Rd

, b
pjq P R

+

is dense in CpKq, the vector space of continuous real-valued functions on K . Suppose, by

contradiction, that F is not dense in CpKq. Then, by the Hahn–Banach theorem, there exists

a non-zero bounded linear functional ( P C˚pKq such that

(pfq “ 0 for all f P F .

By the Riesz Representation Theorem, there exists a non-zero #nite signed Borel measure µ

on K such that

(pfq “
!

K

fpxq dµpxq.

In particular, for any w P Rd and b P R, the function x "Ñ 4pxw, xy ` bq belongs to F , so we

must have !

K

4pxw, xy ` bq dµpxq “ 0 for all w P Rd
, b P R.

However, since 4 is discriminatory, the only measure µ that satis#es this condition for all w, b

is µ ” 0, contradicting our earlier assumption that µ is non-zero.

Therefore, F must be dense in CpKq.

The theorem gives assurance there is a way to approximate any function but it does not tell

us how: the training of the architecture’s weights and biases will give us that information.

2. M-*%!(L$8’0 P’03’#%0+,”

There is, however, a canard regarding implementation: the theorem does not bound the size

of this hidden layer of perceptrons and that could, in principle, grow impractically large. This

last problem is easily solved by considering deeper multi-layered architectures, namely, the

so-called Multi-Layer Perceptrons.

Formally, a L-layers neural network is given by

u
p↽qpxq “ W

p↽q
4pup↽´1qpxqq ` b

p↽q
, 1 $ , $ L ` 1
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where each W
p↽q is a weight matrix and each b

p↽q P Rnϖ some bias vector, while 4 is the

(nonlinear) activation function. Now, we can give a name to our parametrization: namely, it is

the collection 1 “
&

pW p↽q
, b

p↽qq
(
↽
of weights and biases and, in a similarly compact way, given

any di”erentiable function g : Rd !Ñ Rd, we can store the slopes of its nonlinearities in a

diagonal matrix-valued function )j de#ned by

p)jqii “ 94pupjq
i

pgpxqqq, i $ j $ L, 1 $ i $ nj

where d has to match the dimensionality of the input.
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